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Abstract

Gauge/Gravity duality relates a strongly coupled d-dimensional field theory to a

weakly coupled d + 1-dimensional gravity theory and vice versa. This holographic

duality provides extremely powerful machinery to unravel and explore strongly cou-

pled regimes giving rise to wide applications in diverse areas, such as gauge theory,

hydrodynamics, condensed matter theories etc.

This thesis is based on the application of Gauge/Gravity duality in some as-

pects of strongly coupled condensed matter systems. Though these kinds of sys-

tems are not amenable to perturbative techniques of quantum field theory, there are

formalisms, within the framework of condensed matter theory, such as Fermi liq-

uid theory, which can capture its dynamics in most of the cases. However, vaious

materials have been discovered in the eighties, which exhibit behaviour different

from predictions of Fermi liquid theory and dubbed as non-Fermi liquid. Exam-

ples of such materials are high (Tc) cuprates superconductors and heavy fermions

near a quantum phase transition. In the present work, we aim at understanding the

behaviour of such systems using the Gauge/Gravity duality. We have adopted a

top-down approach, where one considers a well established theory following from

String theory on the gravity side with an exactly known dual field theory.

We begin with maximally gauged supergravity theory in seven dimension. The

dual of this theory is conjectured to be (2,0) conformal field theory in six dimen-

sion. This theory admits asymptotically AdS blackhole solution characterised by

two chemical potentials. The extremal limit of this blackhole corresponds to a one

parameter family of solutions. We consider analysis of the fermionic modes in this
iii



background that reveals existence of the Fermi surface. Depending on the fermionic

mode we have obtained a pair of Fermi surfaces or a single Fermi surface. Study of

fermionic excitations shows that they mostly belong to the non-Fermi regime. We

have obtained excitations belonging to Fermi regime as well. By varying the charge

parameter one observes that the modes approach marginal Fermi liquid regime at

one of the extremes. We observe modes with larger fermionic charge are more

prone to admit Fermi surface. From the dual field theory, it turns out that gauginos

are playing a dominant role in determining the Fermi surface.

We have extended this analysis to finite temperature. Analysis of the spectral

function of these fermionic modes leads to an agreement with the zero temperature

result. We find that at a finite temperature one can also consider a limiting case of

this blackhole background with a single charge where only certain modes admit a

Fermi surface. In case of a single charge blackhole, scalars in the dual field the-

ory also play a prominent role in determining the existence of Fermi surface. We

found that the dual operators admit Fermi surface where scalar in the dual fermionic

operator acquires a non-zero expectation value.

Next, we turn to the systems characterised with spontaneously broken symme-

try. We have considered such variants of the gravity solutions namely domain wall

solutions. They can be considered as a zero temperature limit of holographic su-

perconductor. We have obtained a domain wall solution in maximally gauged seven

dimension supergravity theory which approaches AdS at both IR and UV. We have

studied optical conductivity as a function of frequency, where we find the real part of

conductivity obeys a cubic law in the limit of high frequency while in case of small

frequency it goes with the power of certain exponent. We have considered fermions

that follow from supergravity theory and studied the spectral function. We find that

the system admits a gapped spectrum. From the analysis of dual field theory it turns

out that the fermionic operators involving bosons with non zero expectation value

give rise to the gapped spectrum.

The other work along similar line involves a supergravity theory obtained through
iv



compactification on a Sasaki-Einstein manifold. This theory is five dimensional, has

less supersymmetry and its dual field theory turns out to be a superconformal quiver

gauge theory living in four dimension. We consider a domain wall solution in this

theory which approaches AdS geometry both in the IR and UV limit. In this su-

pergravity theory, fermions get partitioned in different decoupled sectors. We have

considered fermions of one particular sector in the background of this domain wall

and studied the dispersion relation of these fermionic modes. For a smaller charge

of the fermion, the dispersion relation shows a hyperbolic nature in the positive ω re-

gion, giving rise to a gapped spectrum. As we increase the charge, the entire profile

of the dispersion curve comes down and for a critical value of the charge, it touches

ω = 0 axis resulting in a gapless spectrum. We have also studied the effect of Pauli

coupling in this model and find that there are local maxima for the gap. However,

for the charge that follows from supergravity theory, we could not find a normal

mode, or peak of the spectral function, as the value of the charge is quite small. A

higher value of charge leads to a gapless spectrum.

To summarise, we have studied the behaviour of the fermions and roles played by

different kinds of degrees of freedom in some strongly correlated dual field theories

using Gauge/Gravity duality. Our work has shed light on understanding of some

systems occuring in non-Fermi regime.
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Chapter 1

Introduction

In the last century, an interesting duality has been conjectured relating the gauge

theory and gravity. It has been proposed that gauge theories are in a certain sense

equivalent to gravity theory on an anti-de Sitter space (AdS). There were several

hints that such a relation exists [1] but the first concrete realisation was given in

[2–4]. This is slightly unusual to have a relation between two such theories which

are so distinctly different, but this emerges as a consistent picture because of the facts

that these two theories are valid in two different regimes of coupling constants. To be

more precise, the gauge theory in its strongly coupled regime has been found to be

dual to the gravity theory in its weakly coupled regime and vice versa, hence called

gauge/gravity duality. Soon after its advent, it was generalised to other geometries.

In general, the gravity theory lives in the bulk of AdS spacetime in (d+1)-dimension,

while the dual field theory lives on the d-dimensional boundary of the AdS space and

so it is often referred to as holographic duality as well. The various fields in the bulk

of AdS correspond to operators in the field theory living on the boundary. This

holographic duality provides extremely powerful machinery to unravel and explore

strongly coupled regimes giving rise to wide applications in diverse areas [5–11],

such as gauge theory, hydrodynamics, condensed matter theories etc.

We will be considering the application of this duality in the case of strongly cor-

related systems that occur in condensed matter theories. The field theoretic frame-
1



Chapter 1. Introduction

work for dealing with strongly correlated systems often experience the disadvan-

tage, that the essential physics is strongly coupled and the standard perturbative

techniques can play only a limited role. Perhaps the most successful approach for

dealing with such non-perturbative systems is Fermi liquid theory, proposed by Lan-

dau. It describes such systems by replacing the electrons with weakly interacting

quasi-particles. These can be thought of as electrons ”dressed” with photons. Since

the interaction among the quasi-particles is weak, it can analyse the system within

the perturbative formulation. Fermi liquid theory turns out to be quite successful till

the 1980s in explaining behaviours of metals and semiconductors.

Afterwards, new materials were discovered which cannot be described using

Fermi liquid theory. Cuprate superconductors and heavy fermions turn out to have

Fermi surface but the quasi-particle excitations around them are short-lived and un-

stable. Indeed Angular Resolved Photoemission Spectroscopy (ARPES) experiment

shows the existence of Fermi surface along with the instability of quasi-particles.

These materials are classified as a non-Fermi liquid. Considering their transport

properties, the materials in strange metal phase shows the linear temperature depen-

dence of resistivity, which is different from the T 2 behaviour predicted by Fermi liq-

uid theory. It becomes clear that such strongly correlated systems are not amenable

to the Fermi liquid theory and calls for new non-perturbative techniques. This poses

new challenges and provides an arena for the application of gauge/gravity duality.

In order to address the issues in such finite density systems with finite temper-

ature within a holographic formulation, it turns out the charged black holes pro-

vide the necessary gravity duals. Fermionic fields can easily be incorporated in

those gravity duals and one can study the fermionic excitations in the dual system.

Study of Fermi surfaces using holography first appeared in [12–14]. Sharp quasi-

particle-like fermionic excitations at low energies with scaling behaviour different

from Fermi liquid were found. A more elaborate analysis of the behaviour of such

fermionic excitations was done in [15]. They have studied the scaling exponents

of the spectral function and the dimensions of the dual operators in the dual field
2



theory. They also found that the Fermi surface exists over a range of momentum

beyond which it ceases to exist and the peak of the spectral function shows log

periodic behaviour. By turning on the coupling of fermions in the gravity theory

with electromagnetic field via dipole coupling it was shown that one can generate a

gapped spectrum of the density of states [16–18], which is similar to Mott insula-

tors. Initially, in the proposal, the gravity theories are asymptotically AdS. Soon it

was generalised to other asymptotic geometries. Analyses for Lifshitz geometry at

finite temperature appeared in [19,20] showing gapped spectrum. A similar study of

Fermi surfaces and excitations were considered in [21,22] for hyperscaling violating

Lifshitz geometry.

In these works, the gravity models were chosen so as to have necessary sym-

metries expected in the dual field theories. These are commonly called bottom-up

approach. They are convenient, flexible and simpler to capture different mechanisms

in the dual field theory. However, there is one limitation that the exact dual field the-

ories are often not known. That leads to the complementary top-down approach,

where the gravity theory is obtained from String theory and the corresponding dual

field theories are also known exactly. Variations of the parameters within the theory

also help to make identification of states in the dual theory. The prototype example

is IIB supergravity on AdS5 × S5 whose dual is N = 4 super Yang-mills theory

(SYM). The dual operators living on the boundary field theory corresponding to the

fields in the gravity theory in the bulk are also known in this approach. On the flip

side, these involve a large number of fields and Lagrangians representing the system

are also quite involved. Also, it does not have the flexibility of bottom-up approach.

In top-down approach, Fermi surfaces were first studied in a probe approxima-

tion [23, 24]. Subsequently, minimal N = 2 supergravity theories was consid-

ered [25–28]. These supergravity theories include fermionic fields, such as grav-

itinos. The behaviour of the dual fermionic operators was analysed but it did not

lead to Fermi surface.

Holographic Fermi surface in top-down approach was first obtained in five di-
3



Chapter 1. Introduction

mensional maximally gauged supergravity whose dual field theory is N = 4 Super-

Yang-Mills (SYM) in four dimension [29, 30]. The considered spin-1/2 fermions in

this supergravity theory in the background of a black hole solution and restricted

themselves only to those which do not couple to gravitini. They find the dual

fermionic operators are in the non-Fermi regime, though it approaches marginal

Fermi liquid at the limiting value of the chemical potential of the black hole. They

also studied the excitation width of quasi-particles. Later these analyses were ex-

tended to other maximal gauged supergravity, as well. In particular, it was applied

to the supergravity theory in 4 dimensions, which is dual to Aharony-Bergman-

Jafferis-Maldacena (ABJM) theory in three dimension [29–31]. These were zero

temperature analyses and similar analyses at finite temperature appeared in [32],

which also studied the role of scalar and spinor operators in the dual field theory.

Discussions of Fermi surfaces in similar context appeared in [33–35].

In the above works, the gravity duals are black holes. However, most of the so-

lutions considered there are characterized with zero-point entropy 1. In other words,

the entropy does not vanish for T → 0. On the other hand, there exists an inter-

esting class of backgrounds on the gravity side, which are free from this problem.

In the dual theory, they correspond to condensation of charged scalar and gives rise

to spontaneous breaking of U(1) gauge symmetry. These are the features that char-

acterise holographic superconductors and these solutions, known as domain walls,

are considered as zero temperature limit of them [37, 38]. Study of fermions for

such a condensed phase of holographic superconductor at zero temperature appeared

in [39] and it shows a spectrum similar to that obtained in APRES experiment. Sev-

eral works appeared towards an understanding of the mechanism responsible for

such gapped spectrum. [40] In particular, self coupled Majorana fermions interact-

ing with scalar also gives rise to similar gapped spectrum.

On the score of top-down approach, studies of fermionic excitations for holo-

graphic superconductors obtained from string theory and M theory appeared in [41],

1One exception is [36] where a model with vanishing zero-point entropy was analysed leading to
stable fermionic fluctuation with a gap around Fermi surface.

4



where they considered generic fermions with a domain wall solution as the back-

ground, in a four dimensional supergravity that follows from compactification of M

theory. They obtained bands of normalisable modes in the region ω2 < k2. Further

studies of domain wall solutions with a symmetry breaking source in four dimen-

sional gauged supergravity (dual to Aharony-Bergman-Jafferis-Maldacena (ABJM)

theory) [42] shows both gapped and gapless bands of stable excitations. Similar so-

lutions dual to states in ABJM theory with broken U(1) symmetry [43] also reported

gapped spectrum. Gaps in the spectra have been attributed to low fermionic charge

and particle-hole interaction.

In the present thesis, we have extended these studies of fermionic excitations for

different classes of systems in the holographic framework. We begin with maxi-

mally gauged supergravity in seven dimensions. This is one of the three maximally

symmetric theories, of which the other two have already been studied as mentioned

above and is interesting on its own right. Because of large symmetry, the dual field

theory operators are simpler. Moreover, we have used top-down approach, where

we can precisely identify the operators in the dual field theory, which enable one

to address the mechanisms in the field theory set up. Another characteristic of this

dual theory is it involves tensor multiplet, which is different from the field theories

considered elsewhere.

In the next chapter, we begin with the survey of relevant literature, which will

set up the context and motivation for our work. In chapter 3, we have studied the

nature of the Fermi surface in maximally gauged supergravity theory in seven di-

mension, where we have consider the extremal limit of the black hole T = 0 [44].

We have studied the dependence of Fermi surface with respect to the U(1) charge

of the system as our parameter. We find for a higher net charge of the fermion leads

toward two branches of the Fermi surface, which are in Fermi regime and non-Fermi

regime. On the other hand lower net charge of the fermion, gives a single branch

lying in the non-Fermi regime. In both cases, the system moved toward marginal

Fermi liquid regime at the end of the parameter space.
5
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In chapter 4, we have extended our analysis of this model at finite temperature

case [45]. We have studied the cases with two charge and one charge background.

In case of two charge, we find the existence of Fermi surface for all the fermionic

modes, while for the one charge case Fermi surface persists only for certain modes.

Single charge case has been considered only at finite temperature regime due to the

fact that we could not find an extemal limit for single charge case.

In chapter 5, we have obtained a domain wall solution for the model in max-

imally gauged supergravity theory in seven dimension. Using this domain wall

solution as the background, we have studied the optical conductivity and also the

fermionic response [46]. We find with this domain wall solution as a background

give rise to gapped fermionic spectrum.

In chapter 6, domain wall in five dimensional gravity theory is considered which

correspond to some four dimensional field theory. In this background, we have

considered fermions which do not couple to other fermions or gravitino to study the

dispersion relation and nature of the spectrum of these fermions [47]. We find for a

lower charge we get a gapped spectrum and as we increase the charge, the system

admits a gapless spectrum. In chapter 7, we end with a conclusion.

6



Chapter 2

Literature survey

2.1 AdS/CFT correspondence

The first concrete realization between the dynamics of gauge theory and a gravity

theory was put forward by Maldacena [2] in the form of AdS/CFT correspondence

1. He conjectured that gravity theory with AdS space in the background and a su-

per Yang-Mills (SYM) theory in the boundary are two different descriptions of the

same theory. The fact that the descriptions are so different may be traced back to the

fact that these two appearances correspond to different regimes of the coupling con-

stants of the theory. In other words, the strongly correlated field theory living in the

boundary corresponds to the gravity theory in one extra dimension, which is weakly

coupled. As one of its consequences, it has opened up new avenues to analyse and

explore systems at strong coupling living at the boundary using a simpler form of

weakly coupled gravity theories and vice versa. Our main focus will be the appli-

cation of these techniques to study and unravel strongly correlated systems. Before

embarking to such endeavour, in this chapter we will briefly review the basics of this

correspondence as well as some of the works that have been done in this vein. This

will help us to set up the essentials, that we will use in the following chapters.

1It is also referred as a holographic duality or gauge/gravity duality.
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2.1.1 Anti-de Sitter Space

Since on the gravity side we will be dealing with anti de-sitter space (AdS) or

asymptotically AdS space let us begin with its description. AdS is the maximally

symmetric solution of Einstein’s equation with negative cosmological constant. In

Euclidean signature, the AdS spacetime is the hyperboloid embedded in R(d−1,1)

whose metric is given as

−(X0)2 + (X1)2 + (X2)2 + ...+ (Xd−1)2 = −R2, (2.1.1)

where X0 > 0. As one can observe, this metric is invariant under SO(d + 1, 1)

transformation, which is the conformal group of the boundary. To see AdS as a

solution of Einstein’s field equation, consider the most general metric in (d + 1)

dimension which has Poincare symmetry in d-dimension as given by,

ds2 = f(r)(−dt2 + d ~x2 + dz2), (2.1.2)

where, d is the spacetime dimension with ~x = (x1, ..., xd−1) and z is the radial

dimension. If z is the length scale and the theory is length invariant, then ds2 must

also be invariant under the scaling transformation, i.e (t, ~x) → λ(t, ~x) and r → λr.

Imposing this condition on ds2 we get

ds2 =
L2

z2
(−dt2 + d ~x2 + dz2), (2.1.3)

which represent the line element or metric of AdS space in (d+1) dimension denoted

by AdSd+1. L is called the radius of anti-de Sitter space. The metric is a solution to

gravity action given by [48]

S =
1

16πGN

∫
dd+1x

√
−g(−2Λ +R + c2R

2 + c3R
3 + ...), (2.1.4)

8
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where, GN is the Newton constant, ci are constants, g =det(gµν), R = gµνRµν is

the scalar curvature and Λ is a cosmological constant. If we set ci = 0 the action

becomes the Einstein-Hilbert (EH) action of general theory of relativity with a cos-

mological constant, which we will discuss in more details in upcoming section 2.2.

Here the equation of motion turns out to be the Einstein equation

Rµν −
1

2
gµνR = −Λgµν (2.1.5)

taking the trace of (2.1.5) gives,

R = 2
Λ(d+ 1)

d− 1
(2.1.6)

inserting the Ricci scalar R in (2.1.5) we get,

Rµν =
2

d− 1
Λgµν (2.1.7)

From the metric one can find the Ricci tensor directly, which is

Rµν = − d

L2
gµν . (2.1.8)

The above two equations (2.1.7) and (2.1.8) imply AdSd+1 is the solution of the

Einstein equation (2.1.5) with negative cosmological constant Λ and scalar curvature

R, given by

Λ = −d(d− 1)

2L2
,

R = −d(d+ 1)

L2
.

(2.1.9)

2.1.2 Conformal group

Conformal group are groups of conformal transformations which is larger than

Poincare group and contents it as a subgroup. A conformal transformation of the

spacetime coordinate is a transformation which leaves the metric invariant up to a
9
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scaling factor given by an invertible mapping x→ x′,

g′µν(x′) = Λ(x)gµν(x). (2.1.10)

Poincare group is the sub group of Conformal group, whose transformation can be

obtained by setting Λ(x) = 1. The conformal transformation preserves the angle

between any curves crossing each other at some point.

In order to understand the various components in it we consider infinitesimally small

confromal transformation. Under a infitesimally small general coordinate transfor-

mation x′µ = xµ + εµ(x) the metric transforms as,

g′µν = gµν − (∂µεν + ∂νεµ). (2.1.11)

So the transformation to be conformal we must have using (2.1.10),

∂µεν + ∂νεµ = f(x)gµν , (2.1.12)

where f(x) is the function to be determined. For our purpose we will consider

this metric to be the Minkowski metric ηµν = diag(−1, 1, 1..., 1) in d-dimensional

spacetime. Taking a derivative on both side in (2.1.12), permuting the indices and

taking a linear combination gives,

2∂µ∂νερ = ηµρ∂νf + ηνρ∂µf − ηµν∂ρf. (2.1.13)

Which implies,

(d− 1)∂2f(x) = 0. (2.1.14)

For d ≥ 3, the solution to f(x) is,

f(x) = A+Bµx
µ, (2.1.15)

10
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where A and Bµ are constants. Substituting f(x) in (2.1.13) and solving it, we get

εµ = aµ + bµνx
ν + cµνρx

νxρ, cµνρ = cµρν . (2.1.16)

Considering each power of x terms seperately in the above equation we can see,

aµ being unconstrained corresponds to translation. Substituting the linear term in

(2.1.13) we get the following constraint on bµν ,

bµν + bνµ =
2

d
bλληµν , bµν = αη +mµν , (2.1.17)

bµν comprises of a pure trace ηµν which represents an infinitesimal scale transfor-

mation and the antisymmetric part mµν = −mνµ which is an infinitesimal rotation.

Similarly, from the quardratic part we have

cµνρ = ηµρbν + ηµνbρ − ηνρbµ, with bµ =
1

d
cσσµ (2.1.18)

This infintesimal transormation subjected to the above constraint is called special

conformal transformation (SCT),

x′µ = xµ + 2xνb
νxµ − bµx2 (2.1.19)

For the finite transformation we have:

x′µ = xµ + aµ translation (2.1.20)

x′µ = αxµ dilation (2.1.21)

x′µ = Mνµxν rotation (2.1.22)

x′µ =
xµ − bµx2

1− 2bνxν + b2x2
SCT (2.1.23)

11
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2.1.3 String theory

AdS/CFT correspondence has its origin in string theory, so in this respect, we would

like to touch up on some of the relevant points. In string theory the fundamental ob-

jects are strings and the degrees of freedom are the various excitations of the strings.

A string could be closed or open. As the string moves over spacetime to trace a

world sheet analogous to world line in case of particles. It turns out in the low en-

ergy limit of string theory the degrees of freedom are described by massless fields.

In the case of closed strings, the massless fields correspond to graviton, scalar field

dilaton and various other fields with two or higher forms. In order to incorporate

fermions, one needs to generalise these to the case of string theories with super-

symmetry. Supersymmetry transforms a boson into its fermionic superpartner and

vice versa. For the theory to be consistent all of these theories with supersymmetry

require a spacetime of 10 dimensions. However, there are severe constraints arises

from consistency conditions which limit the number of possible superstring theo-

ries. There are five consistent superstring theories, namely type I, heterotic, type

IIA and IIB [49].

• Bosonic string theory: In this formulation of string theory one only consider

bosons. There is no supersymmetry and no fermions therefore, this theory

cannot describe fermionic matter. It includes both closed and open strings and

for the theory to be consistent it requires 26 spacetime dimensions.

• Type I string theory: This theory includes both bosons and fermions. Particle

interaction includes supersymmetry and consistent gauge group is SO(32).

• Type IIA string theory: This theory includes supersymmetry open and closed

strings. It gives rise to the fermionic matter as well but fermions in this theory

are not chiral.

• Type IIB String theory: This theory is similar to Type IIA except it has chiral

fermions.
12
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Fields Representation Name
gµν [2, 0, 0, 0] graviton
B

(2)
µν [0, 1, 0, 0] 2 form field
φ [0, 0, 0, 0] dilaton
C(0) [0, 0, 0, 0] axion
C

(2)
µν [0, 1, 0, 0] R-R 2 form field

C
(4)+
µνρλ [0, 0, 0, 2] self dual 4 form field
ψaµα [1, 0, 0, 1] Majorana Weyl gravitinos
λaα [1, 0, 0, 1] Majorana Weyl dilatinos

Table 2.1.1: Field content of type IIB supergravity

• Heterotic string theory: This theory includes supersymmetry but only com-

prises of closed string. There are two heterotic string theory which are

Heterotic SO(32)

Heterotic E8 × E8.

Except bosonic string theory all of these theroies have Supersymmetry.

AdS/CFT correspondence arises in type IIB string theory. Therefore we will dis-

cuss this theory in slightly more detail. The effective low energy theory associated

with type IIB string turns out to be type IIB supergravity theory. The field content

of this supergravity theory is given in table 2.1.1. Since this theory is concerned

with the massless fields, they are classified by their representation under SO(1, 9) or

SO(8) group. 10 dimensional Supergravity (SUGRA) theory has 32 supercharges

which are labelled by the doublet N = NL, NR, where the two doublets are the

numbers of left and right handed supersymmetries respectively [50]. There are two

possible theories; (1,1) which is the type IIA SUGRA and (2,0) being the type IIB

SUGRA. Therefore, all the fermions in IIB are left handed which makes the theory

chiral.

The bosonic part of the action for type IIB SUGRA is given by [51]

S =
1

4k2
B

∫
d10x
√
−g(e−2φ

(
2R + 8∂µφ∂

µφ− |H3|2
)
− |F1|2

+ |F̃3|2 +
1

2
|F̃5|2 − C(4)+ ∧H3 ∧ F3),

(2.1.24)
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where, the field strengths are defined as,

F1 = dC(0), H3 = dB(2), F3 = dC(2), F5 = dC(4)+

F̃3 = F3 − C(0)H3, F̃5 = F5 −
1

2
C(2) ∧H3 +

1

2
B(2) ∧ F3, (2.1.25)

with, |Fp|2 =
1

p!
gµ1ν1 ...gµpνpF ∗µ1...µpFν1...νp .

The low energy limit of type IIB string theory also yields the same action given in

(2.1.24). kB in (2.1.24) is a free parameter which is related to α′ which is a parameter

in the string theory (2k2
B = (2π)7α′4). α′ determines the length (ls =

√
α′), tension

(T = 1/(2πα′)) and the mass (m2 ∼ 1/α′) of the fundamental string. The string

coupling constant is the vacuum expectation value of the dilaton (gstr =< eφ >).

Due to this fact one can consider the action (2.1.24) as an effective action with the

higher powers of α′ and gstr being neglected.

2.1.4 D-branes

An essential ingredient in the conjecture of AdS/CFT correspondence is D-brane.

Supergravity theories, which can be considered as low energy effective theories in

10 dimensions admit extended object having p spatial dimension as a solution. Such

solutions with p spatial dimension are called p branes. They have world volumes

(p+1)-dimensional where 1 is the time dimension and p the spatial. For example,

0-brane can be considered as some kind of particles with 1-dimensional world vol-

ume. D-branes can be interpreted as some extremal limit of these p-branes. D-

branes also has another description in terms of open strings [52], whose endpoints

are constrained to move on the world volume of the p-brane. In other words, the

endpoints satisfy Dirichlet boundary condition along the direction transverse to the

world volume of the D-brane. For example, open strings which are free to move

in 10 dimension represents D9 branes. However not all the extended objects are

D branes, string can be regarded as a 1-brane as they are 1 dimensional extended

object, but they are not D1-branes.
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Figure 2.1: N coincident Dp brane

Dp branes are the p dimensional hyperplanes inside the d-dimensional space

[49]. To specify such a hyperplane we need (d-p) number of linear conditions. We

consider spacetime coordinates xµ and split them into two groups. The first group

comprises of components tangential of the brane world volume These are the p

spatial coordinate plus the time coordinate. The second group comprises of (d-p)

coordinates normal to the world volume.

Tangential︷ ︸︸ ︷
x0, x1, x2, ....xp xp+1, xp+2, xp+3, ....xd︸ ︷︷ ︸

Normal

(2.1.26)

The position of the Dp brane is specified by fixing the values of the coordinates

normal to the brane. considering this split we write

xa = x̃a, a = p+ 1, p+ 2, ....d (2.1.27)

Here x̃a are set of (d-p) constants. Similarly, the string coordinates Xµ(τ, σ) split

into
Tangential︷ ︸︸ ︷

X0, X1, X2, ....Xp Xp+1, Xp+2, Xp+3, ....Xd︸ ︷︷ ︸
Normal

(2.1.28)

Since the end point of the open string must lie on the Dp brane, the string coordinates

normal to the brane must satisfy Dirichlet boundary conditions

Xa(τ, σ)|σ=0 = Xa(τ, σ)|σ=π = x̃a, a = p+ 1, ..., d, (2.1.29)
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where Xa is called DD coordinates because both the endpoints satisfy Dirichlet

boundary condition. The open string can move freely in the tangential direction

with respect to D brane. Due to this, the tangential part of the string coordinate must

follow the Neumann boundary conditions.

∂bX
b(τ, σ)|σ=0 = ∂bX

b(τ, σ)|σ=π = 0, b = p+ 1, ..., d (2.1.30)

These string coordinates are known as NN coordinates as both the end of the string

follows the Neumann Boundary condition. So we can also write

NN coordinate︷ ︸︸ ︷
X0, X1, X2, ....Xp Xp+1, Xp+2, Xp+3, ....Xd︸ ︷︷ ︸

DD coordinate

(2.1.31)

Where the first part is NN coordinates, and the second part is DD coordinates.

If we have N numbers of coincident Dp branes, the open string starting from one

brane has a large number of choices on landing its another end, which is shown in

fig.(2.1).

In the context of the correspondence D3- brane plays a crucial role. D3-branes

appear as a solution of type IIB supergravity theory. The degrees of freedom associ-

ated with D3 branes corresponds to that of the open strings constrained to move on

3 dimensional hypersurface associated with the D3 brane. The massless excitations

of the open strings are described by gauge fields and scalar fields. In particular, in

the case of D3 brane, the dynamics of massless excitations are described by N=4

supersymmetric Yang-Mills theory (SYM) living in (3+1)-dimension. For a single

D3 brane, it is described by a U(1) theory. For N number of D3 branes placed on

top of each other, there will be open strings beginning on one D3 brane and ending

on another. So the degrees of freedom will appear as N ×N matrices and the theory

will be N = 4 U(N) SYM [53]. With this brief understanding of branes, we would

like to move on to our next section where we would like to discuss the origin of

AdS/CFT correspondence.
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2.1.5 Origin of AdS/CFT correspondence

In the context of string theory, Maldacena [2] conjectured the AdS/CFT corre-

spondence on the basis of the following comparison. He considered a stack of N

D3-Branes in Type IIB string theory (9+1 dimension) in two distinctive regimes

and inquired about the decoupling of low energy physics in each of the following

cases [54].

• The case with gs → 0 with N fixed, where the backreaction of the brane can

be ignored. The vacuum state at that point could be a stack of D-branes in flat

Minkowski space. The excitation about this state at low energy decouples into

two segments. One segment corresponds to open string which starts and ends

on the branes giving rise to the dynamics similar to N = 4 SYM gauge the-

ory. The other segment is the massless spectrum of closed string propagating

within the bulk, which is type IIB supergravity theory in the flat background.

These two segments decouple in low energy limit.

• The second case that corresponds to gs → 0, N → ∞ but with gsN fixed.

In this case, one has to consider the backreaction from the branes. Type IIB

supergravity admits black p-brane solutions which carry a charge, which acts

as a source for p + 1 form potential. Here we would consider p = 3. The

solution comprises of two free parameters i.e. mass (M ) and charge (N ). The

additional constraint comes from the fact that the supergravity solution does

not admit a naked sigularity [55].

M ≥ N

(2π)pgsl
p+1
s

(2.1.32)

The low energy limit is acheived by taking the extremal solution that saturates

2.1.32, so this is related to the vacuum solution. Again there are two decoupled

sectors for the low energy theory. Firstly one consider near horizon limit of

these modes, then their energy measured by the observer at infinity can be

considered as a low energy limit due to the redshift. We can now take an
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infinitely red shifted limit, and consider modes living in the AdS5 × S5 near

extremal horizon geometry. This is type IIB string theory onAdS5 × S5. As

the low energy limit is given by the redshift rather than a long-wavelength

limit, this theory comprises of the full spectrum of the massive string states

and not just the massless supergravity sector. Secondly one can consider long

wavelength excitations that live in the asymptotic flat spacetime away from

the horizon. In this limit, the theory is described by Type IIB supergravity in

Flat space. The reason why these two sectors decouple at low energy is due to

the fact that infrared excitations near the extremal horizon cannot escape the

gravitational well, and the supergravity modes away from the horizon have a

long wavelength compared to the absorption cross-section of the black brane.

These two theories turn out to be a low energy description of the same theory

in different limits. For large N limit the first case will turn out to be as one in

second case i.e. gs → 0 and N → ∞. Maldacena conjectured that these two low

energy theories are an equivalent description of the same theory, which is written in

different degrees of freedom. These two theories comprise of two decoupled sectors

and share a common 9+1 dimension type IIB flat space supergravity theory. In short,

type IIB string theory in AdS5 × S5 background is equivalent to U(N) SYM in 3+1

dimension. Although the assertion here is made in large N limit, Maldacena made

the stronger conjecture that this equivalence, in fact, holds at any limit of N .

2.1.6 AdS/CFT statement

The correspondence mentioned above can be made more precise in terms of partition

functions [4]

Zstring|Φ = ZSYM [J ], (2.1.33)

where Zstring|Φ is the partition function of Type IIB string theory on AdS5 × S5,

and ZSYM [J ] is the partition function for U(N) SYM in 4 dimension. The string

theory partition function is a function of some asymptotic boundary conditions, rep-
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resented by Φ. This results in fixing the spacetime to be asymptotically AdS5 × S5.

In the gauge theory side, one considers the generating function, which is a function

of some applied source terms J . According to the correspondence, the gravitational

boundary conditions couples to the gauge theory source Φ → J . The asymptotic

structure of AdS5 at infinity happens to be a conformal boundary. The boundary

conditions fix a representative of this conformal class. This metric defines the space-

time of SYM, and one thinks of it as one of the sources J in the generating function.

Relationship between two different parameters are given as [56–58]

gs = g2
YM ,

l4 = 4πgs(α
′)2N

(2.1.34)

where gs is the string coupling, gYM is the Yang-Mills coupling and l is the AdS5

and S5 radius. One can consider the limit so that the gravitational theory simplifies.

Firstly we consider the weak coupling i.e. gs → 0 limit of the string theory. This is

the limit where gs → 0 keeping λ = gsN = g2
YMN fixed. Secondly, we will take

large λ limit. This corresponds to strong coupling in CFT. We can see from (2.1.34),

that the AdS length scale becomes large compared to the string length (ls =
√
α′). In

this limit, we can ignore corrections arising from quantum loops on the worldsheet

[56], and excited states on the string have large masses. We are left with an effective

theory with only a small number of massless fields, namely classical supergravity.

At this limit, one can consider the action to be that of massless supergravity sector,

and the partition function is approximated by the sum of classical saddle points [59].

Zstring ∼
∑
φi|Φ

e−S[φi]sugra (2.1.35)

where φi is the field configurations that solve the supergravity equations. The bound-

ary conditions Φ for the partition function become the boundary conditions for the

field equations, so the sum above is restricted to those φi which are consistent

with Φ. Under the correspondence this supergravity boundary conditions that gets
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mapped to the source in SYM theory. The conformal boundary is determined by the

boundary condition of one of the fields which turns out to be a metric. Boundary

conditions of the other fields in the supergravity side are mapped to the source terms

for different local operators in the field theory. This is not a classical limit for the

field theory, so this limit allows us to study a strongly coupled system in the field

theory by solving the classical Supergravity theory.

In this chapter, we have presented a cursory review of AdS/CFT correspondence

and its origin. In the next chapter, we will shift the gear and focus more on the

strongly correlated systems arising in condensed matter. We will discuss the Fermi

liquid theory, its breakdown and how one can apply AdS/CFT correspondence in

such cases.

2.2 Fermi and non-Fermi liquids

AdS/CFT correspondence is useful for understanding the strongly coupled field the-

ories and in the present case, we will be interested in such systems that appear

in condensed matter. Although most of such systems are governed by strong cor-

relation, there are non-perturbative methods designed to address their dynamics

within the scope of condensed matter theories. However, with the discovery of

the new materials, it has been found that there are limitations of applicability of

such methods. In this section, we will briefly mention the salient features of such

non-perturbative methods and their limitations, so as to set up the arena for the ap-

plication of AdS/CFT correspondence.

Usually, in the condensed matter one studies the behaviour of a finite density

system and when the system has less density one can study its behaviour using the

statistical method. However, when one considers a large density system such that

the quantum wavefunctions overlap or at low temperature when the quantum effects

become important, many interesting phenomena occur. Let us focus on the latter

part and study the macroscopic characteristics of low temperature (T → 0) finite
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density quantum system. From the past knowledge of the condensed matter, one

can expect [60],

1. The system can have a gapped excitation. For a system to be gapped, a finite

amount of energy is required for each of the excitations. When there is no

energy density in the system (T = 0), the system is in the ground state and

does not react to infinitesimal small perturbation.

2. Global symmetry of the system can be broken spontaneously by the ground-

state. This is related to the ground state of bosons. In the case of spontaneously

broken symmetry, the modes are gapless or massless Goldstone modes. The

low temperature (or energy) physics is completely dominated by these modes.

3. The system can be Landau Fermi liquid if one considers a system with only

fermions. This is based on the principle of Pauli exclusion. As Pauli exclusion

principle forbids two fermions to be on the same quantum state, therefore they

must have different momentum. The fermions start filling up the shells in the

momentum space outward from the origin, with each outer shell having energy

slightly larger than the former inner shell. The last added fermion gives the

prefered momentum scale which is called the Fermi momentum (kF ) as shown

in Fig. 2.2. The excitations of the Fermi liquid are massless which are defined

by stable fermionic quasiparticle excitations. As the excitations are massless

it controls the low temperature macroscopic behaviour of the system.

For a given low temperature finite density quantum system any one of the three

might occur. So one can ask whether there are systems which do not fall on any of

these three cases.

We can also ask the same question in a different manner but before asking the

question first we have to start with a compressible state. A compressible state can be

defined as a finite density state of a system having a U(1) symmetry. In this system,
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Figure 2.2: Fermi surface and Fermi momenta (kF ) denoted by a red arrow. (Image
from http://www.physics.rutgers.edu/grad/620/).

the charge Q as a function of chemical potential µ is given by,

< Q >≡ −∂F
∂µ
∼ µα, α > 0. (2.2.1)

We can see the chemical potential is directly proportional to the charge density (upto

a positive power). So small perturbation in chemical potential is enough for a system

to conduct (as that in metals), which makes the compressible state a gapless. We will

discuss some of the compressible states which are

• A state with broken translational symmetry is called a crystal and its state a

solid.

• A state with spontaneously broken symmetry U(1) symmetry. The state is

known as a superconductor.

• A state which is not related with any symmetry breaking. This state is called

a Fermi liquid.

Now we can ask the question that whether there can be a compressible state of mat-

ter without any symmetry breaking that is not a Fermi liquid and has a translation

invariance. AdS/CFT correspondence can help us to answer this question. Under-

standing the breakdown of Fermi liquid theory will help us to find the answer, in

this regard we will be reviewing non-Fermi liquid from [61, 62].
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Fermi liquids are well understood subjects, whose behaviours are explained by

excitation of long lived quasi-particles given by Landau Fermi liquid theory [63].

This theory explains the phenomenology of almost all the materials like metals,

semiconductors, superconductors and superfluids. But in the 1980s there came some

metallic materials whose thermodynamic and transport properties could not be un-

derstood by Landau Fermi liquid theory. These materials were called non-Fermi

liquids, which incorporates high (Tc) cuprates superconductors and heavy fermions

near a quantum phase transition [10, 64]. To point out the breaking of Fermi-liquid

theory we start with a discussion of Fermi-liquid theory [61].

Let us first consider a system of Fermi gas, whose particles do not interact with

one another. The ground state of this many particles system is given by the surface

of the Fermi momentum (kF ) following the Pauli exclusion principle as explained

before. Filling a state slightly outside this Fermi surface or removing a fermion

from a filled state slightly inside the Fermi surface gives the low energy excitation

of particle and hole respectively. These excitations are gapless and have a linear

dispersion relation for k − kF << kF ,

ε(k) = E0(k)− µ =
kF
m

(k − kF ) ≡ vF (k − kF ) (2.2.2)

where E0(k) = k2

2m is the energy of a free particle. The energy of excitation is

measured in terms of chemical potential µ = EF = k2
F

2m . These excitations are seen

as a pole of the retarded Green’s function GR(ω, k) for the electron operator in the

complex frequency plane (momentum space),

GR(ω,~k) =
1

ω − ε(k) + iO+
. (2.2.3)

Fourier transform of GR(ω,~k) show that the propagator represents the propagation

of a particle in a free space given by,

GR(t,~k) ∼ θ(t)e−iε(k)t. (2.2.4)
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Once the interaction between fermions is considered the notion of a single particle

state becomes insignificant. One can expect that the qualitative behaviour of these

interacting fermions at a very weak interaction should be same as that of non in-

teracting fermions, but it is very hard to tell what will be the behaviour when the

interaction between them is strong. According to Landau Fermi liquid theory, irre-

spective of interaction being weak or strong, the above qualitative behaviour does

not change. Assuming that the ground state of an interacting fermionic system is

characterized by a Fermi surface in momentum space at k = kF and the low energy

excitation near the Fermi surface is defined by weakly interacting particles and holes

called quasi-particles (quasi-particle and quasi-hole). These quasi-particles have the

same charge as that of fundamental fermions and respect Pauli exclusion principle.

The dispersion relation of a quasi-particle is given by,

ε(k) =
kF
m∗

(k − kF ) = vF (k − kF ). (2.2.5)

The dispersion relation looks similar to that of non-interacting fermions (2.2.2),

where m∗ the effective mass of the quasi-particles. The decay or scattering rate of

this quasi-particle obeys

Γ ∼ ε2

µ
<< ε (2.2.6)

Though there is a strong interaction, particle or hole excitations near the Fermi sur-

face still have a long lifetime, long enough to be approximated as a particle. The

retarded Green’s function is then modified to

GR(t,~k) ∼ eiε(k)t−Γ
2
t, (2.2.7)

where Γ ∼ ε2(k). In the momentum space this retarted Green’s function GR(ω,~k)

takes the form

GR(ω,~k) =
1

ω − vF (k − kF ) +
∑

(ω, k)
+ ..., (2.2.8)
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with
∑

(ω, k) = iΓ
2 ∼ iω2, being the self energy. The residue Z ≤ 1 of the pole,

known as the quasi-particle weight. It is interpreted as the overlap between one

quasiparticle state with the state created by the electron operator acting on a vac-

uum. The transport phenomenon predicted from this theory was, the linear depen-

dence of specific heat (Ce) with temperature and the quadratically dependency of

low temperature resistivity(ρe) with temperature.

Ce = γT + ..., γ ∼ m∗

ρe = ρ0 + AT 2 + ....

(2.2.9)

This theory has been very successful in explaining almost all metallic states and also

it does not require the system to be weakly coupled. The weakly coupled quasipar-

ticles can emerge as the low energy collective excitations of a strongly interacting

many-body system.

As mentioned earlier there were found some materials which did not obey Fermi

liquid theory which was called non-Fermi liquids. Whose thermodynamic and trans-

port properties could not be explained by Fermi liquid theory. One of the examples

is the strange metal phase, where the electrical resistivity increases linearly with

temperature and not quadratically as that of ordinary metal. In ARPES experiment,

it was found that for high Tc cuprates in the strange metal region there still exists a

Fermi surface. But the width of excitation is large as compared to Fermi liquids. The

experiment results can be fitted to the following expression, postulated as ”Marginal

Fermi liquid” [61]

GR(ω, k) =
h

ω − vF (k − kF ) +
∑

(ω, k)
,

∑
(ω) ∼ cω logω + dω, (2.2.10)

where c is real and d is complex. It can be seen from the above equation (2.2.10)

that the system possesses gapless excitation with the dispersion relation ω = vF (k−

kF ). The decay rate (Γ) of the excitation which is given by the imaginary part

of
∑

, is linear in ω and not quadratic which was in case of Fermi liquid. The
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decay rate Γ, which is proportional to ω, is so large, that it cannot be treated as

a quasiparticle, as the excitation has already have decayed before it can propagate

far enough i.e. one wavelength to show its particle-like properties. Scaling of the

residue of the pole is Z ∼ 1/ log(k − kF ), so as one approach toward Fermi surface

the quasiparticle weight vanishes logarithmically. Thus at the Fermi surface, the

overlap of excitation with original electrons vanishes. The strange metals phase of

cuprates has a Fermi surface but the excitation near the Fermi surface cannot be

considered as a quasiparticle excitation.

From the analysis of various gravity models in top-down approach using AdS/CFT

correspondence, one finds gravitational configurations predominantly correspond to

states in the dual theory which are associated with such non-Fermi liquid and since

the dynamics of non-Fermi liquid cannot be captured using Landau theory it makes

it more interesting. In our analysis, as we will see we have obtained configurations,

which are mostly in the non-Fermi regime. In some limiting values of the charge

parameters, this approaches marginal Fermi liquid as well. Therefore one can ex-

pect that it will provide a further understanding of non-Fermi liquid from a different

perspective. We will identify the Fermi surfaces, analyse the excitations and obtain

the decay rates for those states.

2.2.1 More on Non-Fermi liquid

Before approaching these systems from a top-down perspective we would like to

briefly review the behaviour of some of the materials that appear in the non-Fermi

liquid phase. Such materials have been studied in the framework of condensed mat-

ter and we will take a look at the experimental and theoretical facts about them. This

will provide further motivation for this work, set up the arena, and explain the scope

of its further applications.

One class of materials which exhibits the non-Fermi liquid behaviour are certain

phases of high temperature superconductor. BCS theory explains the superconduc-

tivity but this kind of materials, though have features of superconductors, deviates
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from it. According to BCS theory, one can derive a gap equation, which defines an

order parameter as a function of temperature [60]

∆(T ) = ΓUV e
−

1

λnFT , (2.2.11)

where ΓUV is UV cutoff, λ a small coupling constant between the cooper pair and

nF is the number density. For normal material, there is a certain upper bound for the

critical temperature which is violated by high temperature superconductors. BCS

theory so fails to capture the mechanism of this high Tc superconductors.

The superconducting phase itself can be understood by the spontaneous breaking

of U(1) symmetry as it has no temperature bound. The main point here is why these

materials become superconductors at such a high temperature. Experimentally the

macroscopic characteristics of the strange metal state near the critical temperature

are not as that of Fermi liquid. Also, the resistivity for non-Fermi liquids does not

scale quadratically but linearly with temperature. The phase diagram for a high Tc

superconductors is given in Fig. 2.3a At optimal doping (i.e. where Tc is maximum)

(a) Phase diagram of a high Tc superconductor (b) Phase diagram of a quantum phase transition

Figure 2.3: Typical Phase Diagrams

the material is in strange metal phase (T > Tc) and superconducting phase (T < Tc).

As the doping is further increased there is a transition from strange metal to Fermi

liquid regime. On decreasing the value of doping below optimal for the temperature

higher than Tc, there is a phase transition to the pseudogap phase and at even lower

value of doping it enters the antiferromagnetic phase.
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Tremendous effort has been made in understanding the physics of strange met-

als and beyond the marginal Fermi liquid but the progress has been made only in

one qualitative aspect. It is now believed that the phenomenon of quantum criti-

cality leads to the behaviour of strange metals. Quantum criticality occurs near the

quantum phase transition, which is a phase transition occurring at exactly zero tem-

perature. As the transition occurs at T = 0, one cannot consider it to be driven by

thermal fluctuation but as a quantum fluctuation. If the phase transition is of second

order, the absence of scale at the critical point means that the field theory at this

point is conformal. A conformal field theory at finite temperature is special in a way

that its dynamics are controlled by zero temperature conformal symmetry. In gen-

eral, the only aspect that changes is that all dimensionful quantities are now given

in terms of the only present scale which is T .

Although the idea that the underlying mechanism of the strange metal is con-

trolled by a finite T conformal field theory, in detail it is not so simple. This means

that the phase diagram near a quantum critical point given in Fig. 2.3b (the “fan-

like” region) looks similar to the phase diagram of high Tc superconductors. In

particular, scaling only in terms of energy-temperature is scale invariance. In spatial

directions, one still finds a distinct Fermi surface when compared to ARPES data.

This feature of scale-less in the time-direction, but a distinct Fermi-momentum in

the spatial directions has been known as local quantum criticality. To understand

the behaviour of strange metal and its quantum criticality is to understand the role

of fermionic degrees of freedom in strongly interacting CFTs.

2.3 Application of AdS/CFT to a finite density system

In previous sections, we have discussed some of the relevant aspects of condensed

matter theories and the arena of applicability of AdS/CFT correspondence. We will

be interested in finite density condensed matter system as our dual theory in the

boundary. Though in the main text our approach will be slightly different, here we
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would like to demonstrate how the gravity theory captures the various aspect of dual

finite density system. For the sake of simplicity, we will begin with a simple case.

After discussing this we will move to a more realistic example.

We will begin with Einstein-Hilbert action of gravity with a cosmological con-

stant which has been discussed previously in section 2.1.2,

S =
1

2k2

∫
dd+1x

√
−g
(
R +

d(d− 1)

L2

)
, (2.3.1)

where L is the AdS radius.
2k2

Ld−1
∼ 1

N2
, (2.3.2)

Newton’s constant is small in a large N limit of the boundary theory. The simplest

solution to the above action is a pure anti-de Sitter space [55], which is given in

(2.1.3) as

ds2 = L2(
dz2 + ηµνdx

µdxν

z2
) =

L2

z2
(dz2 − dt2 + d~x2), (2.3.3)

where xµ is the field theory spacetime coordinates and z is the radial or extra holo-

graphic coordinates in the gravitational theory, with the AdS boundary at z = 0.

As (2.3.3) being the simplest and most symmetric solution in the gravity side, it

represents the vacuum of the dual field theory. The vacuum of the CFT should be

invariant under the conformal group in d-dimensions, which is precisely the same

as the isometry group of AdSd+1.

One of the aspects of this correspondence is that the renormalisation group (RG)

flow of the field theory is geometrized by the spacetime of the dual gravity theory.

Due to the factor L2

z2 given in front of the Minkowski metric in (2.3.3), local proper

energy and length scales along field theory directions in AdS are related to those

in the dual field theory by a z-dependent rescaling. Suppose we consider a physical

process with proper energy (El) at some value of z in bulk (AdS). The bulk energy is

measured in terms of local proper time dτ = L
z dt and when calculated in boundary
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time t, it corresponds to an excitation of the boundary theory energy(E) given by

E =
L

z
El. (2.3.4)

We see that physical processes in the bulk with identical proper energies but occur-

ring at different radial positions correspond to different field theory processes with

energies that scale as 1/z. In a sense, the local bulk energies are given by the curva-

ture scale (El ∼ 1/L), then in its dual field theory side, the energy E associated with

the bulk goes as z ∼ 1/E. From this relation, one can associate z as RG scale of

the boundary theory. relation implies that the z can be identified as renormalization

group scale of the boundary theory. The high-energy (UV) limit E → ∞ corre-

sponds to z → 0, i.e. to the near-boundary region, while the low-energy (IR) limit

E → 0 corresponds to z → ∞, i.e. deep in the interior. As the geometry extends

all the way to z →∞ the low energy excitations in the CFT is reflected in the bulk.

If instead, we consider a boundary theory with a mass gap of m, the corresponding

bulk geometry will then end smoothly at a finite value z0 ∼ 1/m. Similarly, at a

finite temperature T , which provides an effective IR cutoff, the bulk spacetime will

be cut off by an event horizon at a finite z0 ∼ 1/T .

Another aspect of the correspondence is the mapping of the field to the operator,

i.e. for every (conformally primary) operator, one can find its dual field in the bulk.

To show this mapping explicitly we will now consider a scalar operator O in the

boundary theory. This operator is dual to some massive scalar field φ with mass m

in the bulk, whose action can be written as

Sφ = −1

2

∫
dd+1x

√
−g
(
(Oφ)2 +m2φ2 + ...

)
. (2.3.5)

Near boundary solution for the equation of motion arising from the above massive
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scalar, action can be written as

φ(z → 0, xµ) ∼ A(x)z∆− +B(x)z∆+ ,

where, ∆± =
d

2
± νu, νu =

√
d2

4
+m2L2.

(2.3.6)

So, from the above equations (2.3.6) one can show

• ∆+ is the comformal dimension of the dual operator O.

• A(x), which is the coefficient of the dominant term in z → 0 limit, can be

identified as the source term for O. Nonzero A(x) corresponds to adding a

source term to the Lagrangian in field theory side.

δSboundary =

∫
ddxA(x)O(x) (2.3.7)

• B(x), which is the coefficient of the subdominant term in z → 0 limit, can be

identified as the expectation value of the operator O.

< O(x) >= 2νuB(x) (2.3.8)

If one finds a regular solution with A = 0 with B 6= 0 then the operatorO(x)

has developed an expectation value spontaneously, in the absence of source.

• From the above equations (2.3.7) and (2.3.8) one can write the linear response

of the operator O(x) given by

GR(ω, k) = 2νu
B(ω, k)

A(ω, k)
(2.3.9)

where A(ω, k) and B(ω, k) are the Fourier transform of the coefficients of

(2.3.6) along the boundary direction. In order to determine GR one needs an

additional boundary condition at the interior of the spacetime. If the horizon

develops in the interior of the spacetime, the boundary condition for comput-
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ing a retarded correlator (GR) is that the solution for φ should be infalling at

the horizon [65].

• For a given value of ν = (0, 1), both terms in (2.3.6) are normalizable. There

are two ways to quantize φ by imposing Dirichlet or Neumann conditions

at the AdS boundary, which are called standard and alternative quantizations

respectively. So depending on the boundary conditions the same gravity the-

ory leads to two different dual CFTs. Here we have considered a standard

quantization. In the alternative quantization, the role of A(x) and B(x) are

exchanged.

2.3.1 Finite density states

In order to incorporate a finite density system, one has to consider a conformally in-

variant theory with U(1) global symmetry. In this theory, we will turn on a nonzero

chemical potential µ for the U(1). The corresponding conserved current Jµ(x) is

dual to a bulk gauge field AM (z, x), and the global U(1) symmetry in the field the-

ory is represented by a U(1) gauge symmetry in the gravity side. Turning on a

finite chemical potential for the current results in perturbing the field theory by the

operator

δSboundary = µ

∫
ddxJ t. (2.3.10)

As similar to the case of the scalar, the boundary value of the gauge field Aµ is equal

to the value of the field theory source for Jµ. Perturbation (2.3.10) means we should

study a classical gravity solution where the gauge field Aµ(z) take some non zero

value (Aµ(z → 0) = µ) at the boundary.

Therefore to discuss finite density system in this setup we extend our earlier

Einstein-Hilbert action to accommodate a Maxwell field on gravity side.

S =
1

2k2

∫
dd+1√−g

[
R +

d(d+ 1)

L2
+
L2

g2
f

FMNF
MN

]
, (2.3.11)
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where gF is a bulk gauge coupling and FMN is an electromagnetic (Maxwell) field

tensor given by FMN = ∂MAN − ∂NAM . The solution to the equation of motion

for the above action with a relevant boundary condition is the Reissner-Nordstrom

charged black hole (RN black hole) [66]. The metric for RN black hole is given as

ds2 =
L2

z2
(−fdt2 + d ~x2) +

L2

z2

dz2

f
,

with f = 1 +Q2z2d−2 −Mzd, At = µ

(
1− zd−2

zd−2
0

)
,

(2.3.12)

where Q,M, z0 are constants. Nontrivial f(z) means that the physics is changing

with scale. The horizon lies at f(z = z0) = 0. Q can be written in terms of chemical

potential µ

Q =

√
2d− 2

d− 1

µ

gF z
2(d−1)
0

. (2.3.13)

The temperature of the system is given by

T =
d

4πz0

(
1− d− 2

d
Q2z

2(d−1)
0

)
. (2.3.14)

The solutions have two independent parameters µ and z0. µ set the unit of the

scale and the solution is characterised with dimensionless number µz0. Thermody-

namic quantities for the black hole such as charge density ρ, entropy density s and

energy density ε are given by

ρ =
√

2(d− 1)(d− 2)
Ld−1

k2

Q

gF
, (2.3.15)

s = 2π
Ld−1

k2

1

z

d−1

0
, (2.3.16)

ε =
d− 1

2

Ld−1

k2
M. (2.3.17)

The charge density of the boundary theory is given by Q (upto a factor of constant).

We can parameterize Q as follow

Q ≡
√

d

d− 2

1

zd−1
∗

, (2.3.18)

33



Chapter 2. Literature survey

where z∗ is the length scale which is fixed by boundary charge density. Other quan-

tities defined in terms of z∗ are given as

ρ =
Ld−1

k2

1

ed

1

zd−1
∗

, µ =
d(d− 1)

d− 2

1

z∗

(
z0

z∗

)
ed, T =

d

4πz0

(
1−

(
z0

z∗

)2(d−1)
)

(2.3.19)

where ed ≡
gF√

2d(d− 1)
. from the above equation (2.3.19), the zero temperature is

obtained at z = z∗. The black hole metric at zero temperature is given by

f = 1 +
d

d− 2

z2(d−1)

z
2(d−1)
∗

− 2(d− 1)

d− 2

zd

zd∗
, At = µ

(
1− z(d− 2)

zd−2
∗

)
with, µ∗

1

z∗
= 2(d− 2)ed

µ

g2
F

(2.3.20)

The quantites in the field theory side will be

ρ =
Ld−1

k2

1

ed

1

zd−1
∗

, s =
Ld−1

k2

2π

zd−1
∗

, ε =
Ld−1

k2

(d− 1)2

d− 2

1

zd∗
. (2.3.21)

For small z i.e. (z << z∗) we have f ∼ 1. In this case, the black hole metric turns

out to be pure AdS, which implies that physics at the energy scale much higher than

the chemical potential is the conformal vacuum.

Let us focus on zero temperature limit for z ∼ z∗ at T = 0. In this case, f has a

double zero at the horizon (z = z∗),

f(z → z∗) = d(d− 1)
(z∗ − z)2

z2
∗

+ ...., (2.3.22)

which means that the horizon is infinitely away. Near horizon geometry now be-

comes AdS2 ×Rd−1 which is given by

ds2 =
L2

2

ζ2
(−dt2 + dζ2) + µ∗L

2d~x2, A =
ed
ζ
dt, (2.3.23)

where L2 is the AdS2 curvature radius and ζ is the radial coordinate which is defined
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as,

ζ ≡ z2
∗

d(d− 1)(z∗ − z)
, L2 =

L√
d(d− 1)

. (2.3.24)

In case of the finite temperature with (z∗ − z0)/(z∗) << 1 i.e. T/µ << 1, the near

horizon geometry is obtained by replacing the AdS2 factor by AdS2 black hole,

ds2 =
L2

2

ζ2

(
−
(

1− ζ2

ζ2
0

)
dt2 +

dζ2

1− ζ2

ζ2
0

)
+ µ∗L

2d~x2 (2.3.25)

where: At =
ed
ζ

(
1− ζ

ζ0

)
, ζ0 ≡

z∗
d(d− 1)(z8 − z0)

, T =
1

2πζ0
(2.3.26)

When the temperature of T ∼ µ, the AdS2 structure is lost. As already discussed

in the previous section, that RG scale of the boundary theory is determined by the

radial direction z. So the near horizon AdS2 structure plays an important role in

understanding the low energy boundary theory at finite density.

These simple examples have made us familiar how the different features of finite

density system get translated in terms of dual gravity theory. It enables us to address

the various issues that arise in condensed matter systems as has been discussed in

previous sections. However, the methodology used for this examples are bottom-up,

we cooked up simple Lagrangian in the gravity theory which is tailor-made to have

necessary symmetries of the field theory.

Though this method is extremely flexible and convenient, it has one limitation.

Unless it can be incorporated within the framework of string theory, it is difficult

to identify the exact dual field theory and operators. Instead, we will mostly use

top-down approach, where we begin with know supergravity theory which can be

obtained as low energy limit effective theory of string theory. The advantage is one

can identify the exact dual field theory along with operators. In such a setup the

analysis will provide a clearer understanding of the dynamics of field theory from

the perspective of dual gravity.

35



Chapter 3

Holographic Fermi surfaces at zero

temperature

3.1 Introduction

In the previous chapters, we have elaborately discussed the mechanism of AdS/CFT

correspondence and its applicability to the study of the strongly correlated finite

density system. As already been discussed in chapter 1, studies of various aspects

of non-Fermi liquid using AdS/CFT correspondence in bottom-up approach have

appeared in literature [15–17], such as effects of variation of mass, charge parame-

ters, Pauli coupling as well as relation between scaling exponent of spectral function

and dimension of dual operators, to name a few. In this chapter, we will discuss its

application to study fermionic excitations of a specific theory in top-down approach.

Since examples of pair of gravity and field theory in top-down approach are sparse

not many studies have appeared in this line. We consider here a maximally gauged

supergravity in seven dimension which is dual to (2, 0) conformal field theory in six

dimension. The dual theory is (2, 0) conformal field theory in six dimensions which

is world volume theory of M5 branes. As already mentioned in chapter 1, this theory

is interesting in its own right, as this is one of the three maximally superconformal

field theories. The other two, namely N = 4 SYM and ABJM theory have been
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studied in [29, 31, 36]. This theory consists of tensor multiplet in six dimension and

in that respect, the field content is different from the others. In particular, the gaug-

ino appears as symplectic Majorana-Weyl spinors. So from such a study, we expect

to learn something new about this theory and this will improve our understanding of

the Fermi surface behaviour in general.

As we mentioned earlier the gravity dual of a finite temperature finite density

system is a black hole. Black hole solution in a truncated version of this maximal

gauged supergravity was already obtained in the literature and we will consider it as

the background. On the dual side, this should correspond to a specific state of the

system. This black hole background is characterised by two chemical potentials and

at zero temperature gives rise to a one parameter family. The fermionic content of

this supergravity theory consists of 16 spin-1/2 fermions which can be classified ac-

cording to their charge with respect to SO(5) R-symmetry group. For convenience,

we have studied only those modes that do not couple to the gravitino. We find each

mode admits Fermi surface over a range of parameter unless they vanish inside the

oscillatory region where Green’s function displayed log oscillatory behaviour. We

also find excitations in the Fermi liquid and non-Fermi regime. In some cases, it

approaches marginal Fermi-liquid behaviour near the boundary of the range. In the

next section, we discuss the charged black hole solution. Section 3 and 4 are devoted

to fermionic fluctuations and solution of Dirac equations respectively. Section 5 and

6 discuss the results. The contents of this chapter have been published in [44].

3.2 Bosonic Action

M-theory is a supersymmetric theory which lives in 11 dimensions. As conjectured

in [2], compactification of M-theory on AdS7×S4 is dual to a conformal field theory

in six dimensions. One can consider a consistent truncation of 11 dimensional su-

pergravity to the maximal (N = 4) gauged supergravity in seven dimension keeping

only the lowest massless modes [67]. This can be considered as a dual to the six
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dimensional conformal field theory at the appropriate limit [2–4].

The field contents of the supergravity theory on the bosonic side of the action

are as follows [67–69]. It involves two groups, a gauged SO(5)g and a compos-

ite SO(5)c. It comprises of a gravitational field, Yang-Mills gauge fields, fourteen

scalars and five rank-3 tensor fields. The gauge fields are in the adjoint represen-

tation of SO(5)g gauge group and the scalars parametrise SL(5, R)/SO(5)c coset.

The rank-3 tensor fields are in the representation 5 of SO(5)g. The fermionic sector

contents are sixteen spin-half fields which transform as the 16 of SO(5)c and four

gravitini transforming as 4 of SO(5)c.

In order to describe the action we introduce the following notation. We denote

SO(5)g and SO(5)c indices by I, J = 1, 2, .., 5 and i, j = 1, 2, .., 5 respectively. We

represent fourteen scalar degrees of freedom by V i
I . They transform as 5 under

both SO(5)g and SO(5)c and parametrise SL(5, R)/SO(5)c coset. With these scalar

fields one can construct tensor Tij as Tij = V −1 I
i V −1 J

j δIJ consisting of SO(5)c

indices only.T denotes the trace of Tij as given by T = Tijδ
ij . The potentials for the

scalar fields are given in terms of Tij . The kinetic term for the scalar fields involve

covariant derivatives given by DµV i
I = ∂µV

i
I − igAaµ (Ja)JI V

i
J , where (Ja)JI are the

generators of SO(5) in the 5 representation. Kinetic terms are written in terms of

symmetric and antisymmetric parts of the covariant derivative, given by Pµ and Qµ.

Their expression may be obtained from V −1I
i DµV k

I δkj = (Qµ)[ij] + (Pµ)(ij).

With these notations the bosonic part of the lagrangian is given as:

2κ2e−1Lboson =R +
1

2
m2(T 2 − 2TijT

ij)− tr(PµPµ)− 1

2
(V i
I V

j
J F

IJ
µν )2 +m2(V −1I

i CµνρI)
2

+ e−1

(
1

2
δIJ(C3)I ∧ (dC3)J +mεIJKLM (C3)IF

JK
2 FLM2 +m−1p2(A,F )

)
(3.2.1)

To obtain a black hole solution the above action can be further simplified in the

following manner [70,71]. We keep only two gauge fieldsA(1)
µ andA(2)

µ along two of

the Cartan generators J12 and J34 respectively of SO(5)g and set other components
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3.2. Bosonic Action

to be zero. In addition, we set three-form potential CIµνρ to zero as well. We further

make a gauge choice to identify SO(5)g with SO(5)c by restricting the vielbein to

the following

V i
I = diag(e−φ1 e−φ1 e−φ2 e−φ2 e2φ1+2φ2). (3.2.2)

This truncation of field contents leads to the following reduced bosonic La-

grangian [70]

2κ2e−1L =R− 1

2
m2ν(φ1, φ2)− 6(∂φ1)2 − 6(∂φ2)2 − 8(∂µφ1)(∂µφ2)

−e−4φ1F
(1)2
µν − e−4φ2F

(2)2
µν +m−1p2(A,F ),

where ν(φ1, φ2) =− 8e2(φ1+φ2) − 4e−2φ1−4φ2 − 4e−4φ1−2φ2 + e−8φ1−8φ2 .

(3.2.3)

With the above truncated bosonic lagrangian one can obtain an asymptotically

AdS black hole solution1 which is charged with respect to the two gauge fields

[70, 71]. The black hole solution is given by

ds2 = e2A(r)(h(r)dt2 − d~x2)− e2B(r)

h(r)
dr2,

A
(1)
µ dxµ = A(1)(r)dt, A

(2)
µ dxµ = A(2)(r)dt, φ1 = φ1(r), φ2 = φ2(r).

(3.2.4)

The metric functions, scalar fields and gauge fields have only r dependence and their
1 [71] gave k = 0,±1 solutions of the bosonic action of which we consider k = 0
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Chapter 3. Holographic Fermi surfaces at zero temperature

expressions are as follows:

e2A(r) =
m2

4
r2

(
1 +

Q2
1

r4

) 1
5
(

1 +
Q2

2

r4

) 1
5

, e2B(r) =
4

m2

1

r2

(
1 +

Q2
1

r4

)− 4
5
(

1 +
Q2

2

r4

)− 4
5

,

h(r) =

(
1− r2

r2
h

(r4
h +Q2

1)(r4
h +Q2

2)

(r4 +Q2
1)(r4 +Q2

2)

)
,

A(1)(r) =
1

2

m

2

Q1

rh

(
r4
h +Q2

2

r4
h +Q2

1

) 1
2
(

1−
r4
h +Q2

1

r4 +Q2
1

)
, A(2)(r) =

1

2

m

2

Q2

rh

(
r4
h +Q2

1

r4
h +Q2

2

) 1
2
(

1−
r4
h +Q2

2

r4 +Q2
2

)
,

e2φ1(r) = r
4
5

(r4 +Q2
2)

2
5

(r4 +Q2
1)

3
5

, e2φ2(r) = r
4
5

(r4 +Q2
1)

2
5

(r4 +Q2
2)

3
5

.

(3.2.5)

the remaining parameter of the background m and g are fixed by the radius of AdS

L as m/2 = 1/L and g = 2m. The thermodynamic property of the black hole i.e.

temperature and entropy density are given by are given by [31]

T =
m2

4

rh
2π

3 + Q2
1

r4
h

+ Q2
2

r4
h
− Q2

1Q
2
2

r8
h√

1 + Q2
1

r4
h

√
1 + Q2

2

r4
h

, s = (m/2)5 rh
4G

√
(r4
h +Q2

1)(r4
h +Q2

2). (3.2.6)

The charge density and chemical potentials become

µ1 =
1

2

m2

4

Q1

rh

(
r4
h +Q2

2

r4
h +Q2

1

) 1
2

, µ2 =
1

2

m2

4

Q2

rh

(
r4
h +Q2

1

r4
h +Q2

2

) 1
2

, ρi =
Qis

2πr2
h

.

(3.2.7)

From the above equations, one can note that this black hole characterised by two

charges has an extremal limit where T = 0,

3 +
Q2

1

r4
h

+
Q2

2

r4
h

− Q2
1Q

2
2

r8
h

= 0. (3.2.8)

One can observe that the black hole is characterised by a zero-point entropy i.e.

at zero temperature the entropy of this black hole solution does not vanish. In the

following sections, we will introduce fermions on this background to study its fluc-

tuations and analysis whether the boundary theory admits a Fermi surface/s or not.
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3.3. Fermionic Action

3.3 Fermionic Action

The field content on the fermionic sector of this supergravity theory are spin-3/2

gravitini ψAµ and spin-1/2 field λAi which transforms as 4 and 16 under the group

of SO(5)c respectively [67–69]. The spinor indices is given by A and i represents

vector indices of SO(5)c and they satisfy γiλi = 0.

Spinor indices are lowered and raised by antisymmetric matrices ΩAB and Ω̃AB

where ΩAB = antidiag(1,−1), Ω̃ABΩAC = δBC . Both ψ and λ are eight-dimensional

symplectic Majorana spinors obeying λ̄A = λ†AΓ0 and λ̄A = λTAC7, where C7 is

charge conjugation matrix in seven Minkowski dimension, satisfying C7ΓµC−1
7 =

−(Γµ)T and is symmetric. These relations hold for gravitino as well.

We have adopted the notation given in [68] with the negative sign of metric. For

convenience we have chosen the two generators of Cartan as J12 and J34 and the

five components of a vector vi in the vector representation is rewritten as

v1± =
1√
2

(v1 ± iv2), v2± =
1√
2

(v3 ± iv4), v0 = v5. (3.3.1)

Under these new notations the charges under U(1) × U(1) are given by (∓1, 0),

(0,∓1) and (0, 0) for v1±, v2± and v0 repectively.

One can use the gamma matrices γ of SO(5) to produce the spin reprsentations of

these two generators of SO(5) group. They are given by ψ(s12, s34), where s12, s34 =

±1
2 acts as the respective charges.

S12 = −(i/2)γ1γ2, S34 = −(i/2)γ3γ4, (3.3.2)

The Lagrangian for spin-1/2 fields λi is as follows

e−1Lfermion =
i

2
λ̄i(Γ

µDµλ
i)− m

8
λ̄i(8T

ij − Tδij)λj −
1

32
λ̄iγ

jγklγiΓµνλj(Fµν)kl,

(3.3.3)

where the first term in the Lagrangian is a kinetic term, second a mass term and the

last term is Pauli or dipole coupling term. The covariant derivatives the kinetic term
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Chapter 3. Holographic Fermi surfaces at zero temperature

are given by

Dµλ
i = ∇µλi − ig[(A

(1)
µ (J12)ij + A

(2)
µ (J34)ij)λ

j + (A
(1)
µ S12 + A

(2)
µ S34)λi], (3.3.4)

where covariant derivative ∇µ consists of spin connection which is given by

∇µ = ∂µ −
1

4
(ωµ)abΓ

ab. (3.3.5)

with J12 and J34 being the vector representation of the generators in U(1) × U(1).

S12 and S34 are spinor representations of the generators in this group.

The Lagrangian consists of the coupling between gravitino ψµ and spin-1/2 fields

λi which is given by

e−1Lint = ψ̄µ(−mΓµTijγ
iλj + ΓνΓµ(Pν)ijγ

iλj +
1

2
ΓνσΓµ(Fνσ)ijγ

iλj), (3.3.6)

For our purpose, we would like to study the fermions with only spin 1/2 field. So

in this regards, we will be only considering those components of λ which decouples

from gravitino [30]. As one can observe that the gravitino is charged±1
2 with respect

to two Cartans of SO(5). Therefore all the λ’s which have charge ±3
2 under any one

of the two generators cannot couple to gravitino. From equation (3.3.6) one finds

that λ and gravitino couples in the following manner: γ1+λ1−, γ1−λ1+, γ2+λ2−

and γ2−λ2+. Therefore, we will consider only the following eight components of

λ, given in this notation by λ1+(−1
2 , s34), λ1−(1

2 , s34), λ2+(s12,−1
2) and λ2−(s12,

1
2)

with s12, s34 = ±1/2, each of which has at least one of the charges equals ±3
2 in our

notation.

The dual field theory for this maximally gauged supergravity theory corresponds

to six dimensional (2, 0) conformal field theory. It has SO(5) group with an R-

symmetry. The field contents in this dual theory which are relevant in this case are

tensor multiplet comprising of a self-dual 2-form potential Bµν which transforms as
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3.4. Dirac Equations

1 , five scalars Σi and four symplectic Majorana-Weyl spinors 2 ψA transforming as

5 and 4 under the group of R-symmetry respectively. All the fields are in the adjoint

representation of U(N). As mentioned above U(1)×U(1) charges related to the var-

ious fields are Σ0, Σ1± and Σ2± with charges (0, 0), (∓1, 0) and (0,∓1) respectively.

For the spinors the representations are given as ψ(s12, s34) with s12, s34 = ±1/2.

The operators dual to the spinor which transforms under 16 in the supergravity

theory are of the form tr(Σψ) [72, 73]. So counting the charges of U(1) × U(1),

the operators which are considered here can be written as tr(Σ1±ψ(s12, s34)) and

tr(Σ2±ψ(s12, s34)) with s12, s34 = ±1/2. All these operators with their correspond-

ing charges are given in table 3.4.1.

3.4 Dirac Equations

To examine Fermi surfaces in the boundary theory, we will consider arrangements

of Dirac equations for the eight spinors that don’t couple to the gravitino. The Dirac

equations that pursue from the fermionic lagrangian (3.3.3), on setting the parts of

fermions that couple to gravitino equivalent to zero, gives the following equation of

motion:

[iΓµ∇µ −m(m1e
2φ1 +m2e

2φ2 +m3e
−4(φ1+φ2)) + 2m(q1A

(1)
µ + q2A

(2)
µ )

+i(p1e
−2φ1F

(1)
µν + p2e

−2φ2F
(2)
µν )Γµν ]λi(s12, s34) = 0,

(3.4.1)

where values of all the parameters m1, m2, m3, q1, q2, p1 and p2 are summerised

in table 3.4.1. One can see the top four columns are traded with base four lines

under (m1, q1, p1)↔ (m2, q2, p2) thus the Dirac conditions stay unaltered given one

exchanges the charge parameters Q1 and Q2 too. Under qi → −qi, pi → −pi, (1,4),

(2,3), (5,8) and (6,7) will be traded between one another.

In the black hole background (3.2.4 we will consider the Dirac equations (3.4.1).
2One may not get confused from ψµ with ψA. ψ with superscript correspond to spinor in dual field

theory, whereas ψ with subscript represent grivitino in supergravity theory.
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Chapter 3. Holographic Fermi surfaces at zero temperature

Table 3.4.1: Parameters and dual operators correponding to various fermionic modes

No. λI(s12, s34) m1 m2 m3 q1 q2 p1 p2 dual operator
1 λ1−(1

2
, 1
2
) 3

2
-1
2

-1
4

3
2

1
2

-1
4

-1
4

tr(Σ1−ψ(1
2
, 1
2
))

2 λ1−(1
2
,−1

2
) 3

2
-1
2

-1
4

3
2
−1

2
-1
4

1
4

tr(Σ1−ψ(1
2
,−1

2
))

3 λ1+(−1
2
, 1
2
) 3

2
-1
2

-1
4

-3
2

1
2

1
4

-1
4

tr(Σ1+ψ(−1
2
, 1
2
))

4 λ1+(−1
2
,−1

2
) 3

2
-1
2

-1
4

- 3
2

-1
2

1
4

1
4

tr(Σ1+ψ(−1
2
,−1

2
))

5 λ2−(1
2
, 1
2
) -1

2
3
2

-1
4

1
2

3
2

-1
4

-1
4

tr(Σ2−ψ(1
2
, 1
2
))

6 λ2−(−1
2
, 1
2
) -1

2
3
2

-1
4

−1
2

3
2

1
4

-1
4

tr(Σ2−ψ(−1
2
, 1
2
))

7 λ2+(1
2
,−1

2
) -1

2
3
2

-1
4

1
2

-3
2

-1
4

1
4

tr(Σ2+ψ(1
2
,−1

2
))

8 λ2+(−1
2
,−1

2
) -1

2
3
2

-1
4

−1
2

-3
2

1
4

1
4

tr(Σ2+ψ(−1
2
,−1

2
))

The Γ-matrices in tangential space indices are choosen as follows:

Γt̂ =

 Γt̂1 0

0 Γt̂1

 , Γr̂ =

 Γr̂1 0

0 Γr̂1

 , Γî =

 Γî1 0

0 Γî1


Γt̂1 =

 σ1 0

0 σ1

 , Γr̂1 =

 iσ3 0

0 iσ3

 , Γî1 =

 iσ2 0

0 −iσ2

 ,

(3.4.2)

where σ1, σ2 and σ3 are Pauli spin matrices.

We have redefined λi to get rid of the spin connection in the covariant derivative

∇µλi = (∂µ − 1
4(ωµ)abΓ

ab)λi

λi = e−A(r)h(r)−1/4χi. (3.4.3)

χi depends on r, time t and space x as

χi(t, r, x) = e−iωt+ikxχi(r). (3.4.4)

χi can be written in form of two 4-component spinors, Ψi and ηi as follows:

χi =

 Ψi

ηi

 . (3.4.5)

As one can check from the Γ matrices (3.4.2) that the block diagonal structure of Γ
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3.4. Dirac Equations

matrices gives the same equations for both Ψi and ηi. So it is sufficient to consider

only one of the four component spinors, therefore we will be considering Ψi. We

have chosen

Ψi =

 Ψi
1

Ψi
2

 , Ψi
α =

 Ψi
α−

Ψi
α+

 , α = 1, 2. (3.4.6)

With these notations considering the bosonoic background (3.2.4, 3.2.5) the Dirac

equations reduce to

(
∂r +m

eB√
h
M(φ1, φ2)

)
Ψα− =

eB−A√
h

[u(r) + (−1)αk − v(r)]Ψα+(
∂r −m

eB√
h
M(φ1, φ2)

)
Ψα+ =

eB−A√
h

[−u(r) + (−1)αk − v(r)]Ψα−,

(3.4.7)

where we have introduced other functions as follows:

M(φ1, φ2) = (m1e
2φ1 +m2e

2φ2 +m3e
−4(φ1+φ2))

u(r) =
1√
h

[ω + 2m(q1A
(1)
t + q2A

(2)
t )]

v(r) = 2e−B[p1e
−2φ1F

(1)
rt + p2e

−2φ2F
(2)
rt ]

(3.4.8)

These are two first order coupled equations, and we can decoupl these equations by

arranging them in second order form:

∂2
rΨα± − ∂r log

(
eB−A√

h
[v − (−1)αk ± u]

)
∂rΨα± + [∓∂r

(
eB√
h
mM

)
− m2M2e2B

h

+
e2(B−A)

h
[u2 − (v − (−1)αk)2]± eB√

h
mM∂r log

(
eB−A√

h
[v − (−1)αk ± u]

)
]Ψα± = 0

(3.4.9)

Flipping sign of k gives a relation between α = 1, 2. Flipping sign of qi, pi, ω and k

does not yield any change in the equations (3.4.9). Therefore the spinors and their

conjugates, which are related to each other through flipping of signs of qi, pi will

have solutions related through a change of signs of k and ω.

• Asymptotic limit:

Following [30] we will expand (3.4.9) in asymptotic limit. In this limit r → ∞,
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Chapter 3. Holographic Fermi surfaces at zero temperature

the scalar fields are given by e2φ1 = e2φ2 = 1 which fix M(φ1, φ2) = (m1 + m2 +

m3). Substituting this in (3.4.9) and expanding the other values near asymptotics we

obtain

∂2
rΨα± +

2

r
∂rΨα± −

(2M0)2 ± 2M0

r2
Ψα± = 0, (3.4.10)

where we use M0 = m1 +m2 +m3, solutions for the above differential equation is,

Ψα+ = Aα(k)r2M0 +Bα(k)r−2M0−1, Ψα− = Cα(k)r2M0−1 +Dα(k)r−2M0 .

(3.4.11)

The first order dirac equations (3.4.7) gives a relation between Aα(k) (Bα(k)) and

Cα(k) (Dα(k)) [30, 31, 74],

Cα =
ω̃ + (−1)αk

2(2M0)− 1
Aα, Bα =

ω̃ − (−1)αk

2(2M0) + 1
Dα, where ω̃ = ω+4

2∑
i=1

qiA
(i)
t (r →∞).

(3.4.12)

Given M0 > 0, the source and response term are given by A iand D respectively.

The retarded Green’s function for dual fermionic operator can be obtained by

Dα = (GR)αβAβ, (3.4.13)

where the solution is obtained by considering the infalling boundary condition at

the horizon. In this case, the Green’s function becomes diagonal due to the fact that

these differential equations (3.4.7) do not mix different α components.

• Near Horizon Limit

In order to obtain infalling boundary condition we expand Dirac equations (3.4.9)

around near horizon [30] in the extremal limit. For the extremal case, (T = 0) met-

ric develops a pole of second order at the horizon. We expand the metric and other

bosonic fields near horizon upto leading order which are given below. In addition to

this, we have introduced [15,30] parameters which are required for examining Dirac
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3.4. Dirac Equations

equation in the near horizon limit.

gii ∼ k2
0 =

m2

4
r
−8/5
h 23/5 (Q2

1 + r4
h)4/5

(Q2
1 − r4

h)2/5
,

gtt ∼ τ2
0 =

m2

4
r
−4/5
h 26/5 (Q4

1 + 6Q2
1r

4
h − 3r8

h)

(Q2
1 + r4

h)8/5(Q2
1 − r4

h)1/5

grr ∼ L2
2 =

4

m2
2−9/5r

16/5
h

(Q2
1 + r4

h)2/5(Q2
1 − r4

h)4/5

(Q4
1 + 6Q2

1r
4
h − 3r8

h)

A
(i)
t ∼ βi(r − rh), β1 =

m

2

4
√

2r4
hQ1

(Q2
1 + r4

h)
√

(Q2
1 − r4

h)
, β2 =

m

2

√
2

r2
h

(Q2
1 + 3r4

h)1/2(Q2
1 − r4

h)

(Q2
1 + r4

h)

e2φ1 ∼ e2φ10 =
22/5r

12/5
h

(Q2
1 − r4

h)2/5(Q2
1 + r4

h)1/5
e2φ2 ∼ e2φ20 =

1

23/5r
8/5
h

(Q2
1 − r4

h)3/5

(Q2
1 + r4

h)1/5

(3.4.14)

At the near horzon limit Dirac equation simplifies into following [30]:

∂2
rΨα± +

1

r − rh
∂rΨα± −

ν2
k

(r − rh)2
Ψα± = 0,

where, ν2
k = (mM(φ10, φ20))2L2

2 + (k̃/k0))2L2
2 − (2m)2(q1e1 + q2e2)2,

and, k̃ = k − (−1)α
2k0

L2
2

[p1e
−2φ10e1 + p2e

−2φ20e2], ei = (L2/τ0)βi,

(3.4.15)

where expressions for various parameters are given in (3.4.14).

We need to analyse solutions to (3.4.15) following [15, 30] to determine appro-

priate boundary condition. It admits two solutions

Ψ ∼ (r − rh)±νk , (3.4.16)

of which we choose

Ψ ∼ (r − rh)+νk , (3.4.17)

which corresponds to infalling boundary condition at the horizon. We impose this

boundary condition at the near horizon and scan the value of momentum to find the

Fermi momentum k = kF where the source term Aα(kF ) vanishes in (3.4.11)
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Chapter 3. Holographic Fermi surfaces at zero temperature

As one can readily check from the second condition of (3.4.15), where the mass

and shifted momentum gives the positive contributions to the square of the exponent

ν2
k while negative contribution comes from the coupling to electric fields. When

the electric field dominates νk will end up being imaginary for an extent of values

of momentum [30] which is called oscillatory region. Over this extend Green’s

function gets to be oscillatory with oscillatory peaks periodic in log |ω| [14, 15].

For scalar particles, this compares to instability towards pair production in AdS2

region. For spinors, in any case, it does not suggest an instability as there’s no

singularity of Green’s function within the upper-half of the complex ω-plane [15].

On the field theory side, Oscillatory region implies that effective dimension of the

operator within the boundary Conformal Field Theory will end up being complex

[15].

Boundary of oscillatory region is given by k̃ = k̃osc, where

k̃2
osc = k2

0[(
g

L2
)2(q1e1 + q2e2)2 −m2M2

0 ], (3.4.18)

as it is prominent from the above equation, the oscillatory region depends on the

competition between charges and the masses.

For a small ω one can write the retarded Green’s function near Fermi surface in

terms of k⊥ = k − kF and ω as [15, 30]

GR(k, ω) ∼ h1

k⊥ − ω/vF − h2e
iγkF (2ω)2νkF

, γk = arg[Γ(−2νk)(e
−2πiνk−e−2πg(q1e1+q2e2))],

(3.4.19)

where νk is given in (3.4.15), γk is as given above and h1, h2 are positive constants.

For νkF > 1/2, the leading real part comes from O(ω) correction, given by 1/vF

term. The ratio of excitation width to excitation energy
Γ

ω∗
becomes vanishing as

Fermi surface is approached. Quasiparticles are stable and the system behaves as

Fermi liquid.
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3.5. Fermi Surfaces

For νkF < 1/2, one ignores vF term the dispersion relation becomes

ω∗ ∼ (k⊥)z, where z =
1

2νkF
, (3.4.20)

and ratio of excitation width to energy is

Γ

ω∗
=

tan(
γkF
2νkF

) k⊥ > 0

tan(
γkF
2νkF
− πz) k⊥ < 0

. (3.4.21)

For νkF = 1/2, is the marginal Fermi liquid, where
Γ

ω∗
vanishes logarithmically in ω

as one approaches Fermi surface. We find Fermi surfaces for our cases correspond-

ing to νkF > 1/2, νkF = 1/2 and νkF < 1/2.

3.5 Fermi Surfaces

In order to study Fermi surface and its nature we have considered Dirac equation

(3.4.15) subjected to infalling boundary condition (3.4.17). We tend to numerically

solve it for various values of k to find kF where Aα(kF ) given in (3.4.11) vanishes.

We considered α = 1 for Ψ in (3.4.15) as similar results are expected from other

components.

As it is evident from the table I, under interchange of two generators of Cartan,

top four rows are exchanged with four rows in the bottom so interchanging charge

parameters Q1 ↔ Q2 will provide the identical equations. In this manner, it is ad-

equate to consider just four top modes. Moreover, flipping the sign of qi and pi

will exchange spinors with its conjugates. As we have already mentioned, from the

symmetry of Dirac Eq.(3.4.9), that amounts to flipping the sign of k and ω. So if a

fermion with (qi and pi) contains a Fermi surface singularity as kF , its conjugate one

with (−qi and −pi) will have Fermi surface singularity at −kF . Under flipping the

sign of qi and pi, rows (1,2) will be interchanged with rows (3,4) in Table I. There-

fore, in this case, we have only considered row 3 and 4 of Table I. We numerically
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Chapter 3. Holographic Fermi surfaces at zero temperature

searched for Fermi momentum for these two spinors for ω = 0 and have plotted the

k vs square of inverse charge parameter, given by x = r4
h/Q

2
1. Range of x is limited

to (0, 1) as Q2
1/r

4
h < 1 at T = 0 will make Q2

2/r
4
h negative. At x = 1/3, Q1 = Q2

and two chemical potentials will be equal to each other. We introduce Q̃1 = Q1/r
2
h,

which is the value of the charge parameter in units of r2
h. It is related to x through

x = 1/Q̃2
1. For simplicity, m/2 is set to be equal to 1 in the numerical computation.

Discussions are given below for each of these cases.
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Figure 3.1: Case 1: k vs r4h/Q
2
1. The shaded bell-shaped area represents oscillatory

region. It shows two branches; Dashed line show where the lower branch enters oscil-
latory region
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Figure 3.2: Case 1: ν vs r4h/Q
2
1 and Γ/ω vs r4h/Q

2
1 for lower branch.

In general, we have two cases one with total net charge |q1 + q2| = 2 and another

with total net charge |q1 + q2| = 1.
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3.5. Fermi Surfaces

• Case 1: λ1+(−1
2 ,−

1
2), q1 = −3

2 , q2 = −1
2 where the dual operator is given by

tr(Σ1+ψ(−1
2 ,−

1
2)) : This case corresponds to higher net charge |q1+q2| = 2 and has

more chances of forming Fermi surface/s. In fact, we find Fermi surface singularities

with two branches, as shown in Fig. 3.1. We find that one of them lies on the non-

Fermi liquid regime, while the other one is in the regime of Fermi liquid. Beginning

from left, as Q̃1 decreases from ∞ to 3.356 there is no oscillatory region. It first

shows up at Q̃1 = 3.356 and expands as charge parameter decreases till Q̃1 = 1

forming a bell-shaped region.

The branch for which Fermi surface is in the non-Fermi regime, the Fermi sur-

face singularities appear along the boundary of the oscillatory region. It begins at

Q̃1 = 2.887, on the left, it enters the oscillatory region, which means that the dual

operator has developed a complex dimension. As Q̃1 decreases, we find that Fermi

momenta are very close to the boundary of the oscillatory region, almost traces the

boundary itself and continues till Q̃1 = 1. Looking at ν and Γ/ω for this branch (Fig.

3.2), we see that ν is small where it has entered the oscillatory region on the left, in-

creases as Q̃1 decreases and approaches 0.5 as Q̃1 = 1. Therefore, the Fermi surface

remains in the non-Fermi region for the entire range in the parameter space, while

it approaches marginal Fermi liquid at Q̃1 = 1, which corresponds to Q2
2/r

4
h → ∞.
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Figure 3.3: Case 1: ν vs r4h/Q
2
1 for upper branch.
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Chapter 3. Holographic Fermi surfaces at zero temperature

The excitation width decreases steadily with Q̃1 implying that the quasiparticle be-

comes more and more stable and approaches zero at the limit of marginal Fermi

liquid, where Q̃1 tends to 1. This branch cross zero at around Q̃1 = 2, which may be

associated with a transition between Fermi surfaces of particles to antiparticles [30].

The other branch also begins on the same side of the oscillatory region and the

corresponding Fermi momenta have a larger value. In the case of this branch, it

remains completely outside the oscillatory region. Plot of ν is shown in Fig. 3.3

and as one may observe ν decreases with the decrease in charge parameter. On the

left extreme, where Q̃1 approaches∞, ν approaches 1 whereas at the other extreme

with Q̃1 approaches 1, ν approaches 0.5, indicating that the system is driven toward

the marginal Fermi liquid regime. For the entire range of the parameter, it remains

in Fermi liquid regime and approaches marginal at the limit of Q̃1 = 1.

Taking both the branches in an account, one may see that there are two Fermi

surfaces over a range of Q̃1 in Fig. 3.1. Signs of the Fermi momenta for these two

surfaces are same for Q̃1 < 2 and opposite for Q̃1 > 2. This corresponds to the dual

field theory admitting two different excitations for this range of charge parameter,

hence resulting in two different Fermi surfaces. As Q̃1 approaches 1, these two

branches approach each other and merge, leading to marginal Fermi liquid in the

limiting case.

• Case 2: λ1+(−1
2 ,

1
2) and q1 = 1

2 , q2 = −3
2 with the dual operator given by

tr(Σ1+ψ(−1
2 ,

1
2)): This case has a lower net charge in comparison to case 1 (total

charge |q1 + q2| = 1) and in this case, we have only one branch of Fermi surface as

shown in Fig. 3.4. As comparable to case 1, there is no oscillatory region on the left

side corresponding to a large value of charge parameter. As Q̃1 decreases from∞,

oscillatory region appears at around Q̃1 = 2.04 and expands till Q̃1 = 1.

In this case, the branch appears throughout the entire range and does not enter

the oscillatory region. Plots for ν and Γ/ω for this branch are given in Fig. 3.5.

On the far left, where the charge parameter approaches ∞, ν is greater than 0.5,

which indicates the Fermi liquid regime. As Q̃1 decreases, ν decreases at a steady
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1

rate and at Q̃1 = 4.23, ν becomes equal to 0.5, which corresponds to marginal

Fermi liquid. As Q̃1 decreases further ν reaches a minimum and then increases with

decreasing Q̃1, reaching 0.5 again at the right extreme where Q̃1 = 1. The width

of excitation decreases with a decrease of Q̃1 and it becomes very small at Q̃1 = 1,

making the excitation stable. However, with increasing Q̃1 it shoots up before it

reaches marginal Fermi liquid state. For most of the range, the Fermi momentum

sign remains positive, as it passes through zero at Q̃1 = 3.01 and becomes negative

at higher values, again indicating a transition between Fermi surfaces of particles

and antiparticles. This branch exhibits a transition from non-Fermi liquid to Fermi
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Chapter 3. Holographic Fermi surfaces at zero temperature

liquid behaviour, with a variation of charge parameter. Similar kind of transition has

been observed in [75] in a different context, where the system moves from Fermi

liquid to non-Fermi liquid as one changes some impurity parameter.

3.6 Discussion

In this chapter, we have used Gauge/Gravity duality to study the Fermi surfaces in

six dimensional (2, 0) theory. We consider seven dimensional gauged supergrav-

ity where it admits an asymptotically AdS black hole solution, using this as the

background we have analysed fermionic modes which decouple from gravitino. We

considered two sorts of such fermionic modes; with net charge q = |q1 +q2| = 1 and

2 , where q1 and q2 are the two U(1) gauge fields charges. We find both fermionic

modes admit Fermi surface/s. In particular, fermions with higher net charge q = 2

gives two branches of Fermi surfaces, where one remains in the regime of Fermi

liquid, while the other lie in the non-Fermi regime. For the other fermionic mode

with lower net charge q = 1 we find that the existence of Fermi surface which lies

in the regime of Fermi liquid for a range of charge parameter while for the rest it is

in the non-Fermi regime.

In the current model, we find one of the fermionic modes lie on Fermi liquid

regime. Comparing this result to other maximal supersymmetry models, the present

model gives new results which were absent in the case of N = 4 SYM and ABJM

theory. The other Fermi surface is completely in the non-Fermi regime and at the

extreme value of the charge parameter, it approaches marginal Fermi liquid, which

is very similar to the cases obtained on those models. As explained in chapter 2 such

marginal Fermi liquid appear in the strange metal phase of high Tc superconductor.

We have also found a branch which changes from Fermi liquid to non-Fermi liquid,

which is different from N = 4 SYM and ABJM theory. For two of our branches the

Fermi momenta lies along the boundary of the oscillatory region, which is again very

similar to results obtained in [30, 31]. Looking at the structure of the dual operator,
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3.6. Discussion

for all the fermions that we have considered, U(1)× U(1) charge of fermions in the

boundary theory plays a prominent role in determining the nature of Fermi surface

while the scalars do not play any role. On comparison with N = 4 SYM, this kind

of behaviour is different as in their case the nature of the Fermi surface also depends

on the boundary theory scalars.

In the present work, we have considered Fermi momentum in extremal limit at

ω = 0. A full-fledged study of spectral functions and transport phenomena at finite

temperature and over a range of ω may provide a more elaborate picture of the field

theory. We have observed fermionic modes shows marginal Fermi liquid behaviour

for certain values of charge parameter, for example in the limit of Q1/r
2
h = 1 which

at zero temperature corresponds to Q2/r
2
h approaching ∞. Marginal Fermi liquid

was proposed to describe optically doped cuprates [76] and it may be interesting to

further explore the model for these values of charge parameter. The present model

with a single charge by setting other charge density to zero would also be a natural

extension, which cannot be obtained as a limiting case of this study. Considering the

quasi-particles on the field theory side, operators are given by tr(Σψ) in our case and

we have observed that the nature of Fermi surface changes only when charge of the

gaugino (ψ) in the operator changes, while it remains the same with the change of

the scalar (Σ). This is consistent with the argument [29] that gaugino itself generates

the Fermi surface. However, in N = 4 SYM it was found nature of Fermi surface

may depend on bosons as well and so this issue requires a better understanding.

The limiting factor for the zero temperature case was that we could not analysis

the Fermi surface in case of single charge case. As for the zero temperature with

a single charge the chemical potential turns out to be complex. So to address this

problem, we will extend our work in finite temperature regime and analysis the full

spectral function. In the next chapter, we will consider the finite temperature regime

for this model and analysis the Fermi surface in case of two charge parameters to-

gether with a one charge parameter.
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Chapter 4

Holographic Fermi surface at finite

temperature

4.1 Introduction

In the previous chapter, we have considered maximally gauged supergravity theory.

Using AdS/CFT correspondence we have studied different aspects of Fermi surfaces

and the excitations associated with the fermionic operators in the dual theory at

zero temperature. We considered two charge black hole solution as the background

and analysed the behaviour of the fermionic operators. Looking at the poles of

the Green’s function we identified the Fermi surfaces and also studied the nature

and the decay width of excitations with a variation of the charge parameters of the

background.

In this chapter, we will extend our analysis to finite temperature. Usually, zero

temperature is the correct setting for studying Fermi surfaces, however extending

this study to the finite temperature will give more specific pieces of information

of the various excitations of this theory. In particular, in the previous chapter, we

have considered a background with two charge parameters. We will like to consider

a background with a single charge parameter by setting one of them to be zero.

This case cannot be analysed in zero temperature, so by extending this to a finite
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4.2. Green’s Function

temperature allow us to study this limiting case as well.

In order to extend the zero-temperature analysis to the finite temperature, we will

obtain the expression for full Green’s function of the dual theory. This will be our

main tool in the subsequent analysis, as an imaginary part of it provides the spectral

function that can capture the behaviour of different fermionic modes at a non-zero

temperature. As we will see in the case of two non-zero charge parameters, finite

temperature results precisely agree with zero temperature analysis. Since the dual

field theory is known, it enables us to study the role of the operators in the dual field

theory in determining the nature of the Fermi surface. The contents of this chapter

have been published in [45].

The following is the plan of the chapter. The black hole solution that we use as a

background has already been discussed in detail in the previous chapter. In section

4.2, we have set up the equations to calculate Green’s function for the dual operator.

In section 4.3, the numerical computation of Green’s function is done for various

modes and backgrounds. We end with a discussion of the findings in section 4.4.

4.2 Green’s Function

In order to study the dual fermionic operators, we will compute the Green’s function

using the techniques of AdS/CFT correspondence. We will consider black hole

solution given in 3.2.4 as our background and obtain the Dirac equations for spin 1/2

fermions λi in supergravity theory in this background for studying Fermi surfaces

in the boundary theory. The Dirac equation [44] for the 8 spinors in the theory of

supergravity is given in 3.4.1. These equations can be further simplified as discussed

in the previous chapter. Each spinor consists of a pair of four component spinors Ψi

and ηi. By appropriate selection of Γ matrices and choosing t and x dependences

for λi as λi = e−A(r)h(r)−1/4e−iωt+ikx

 Ψi

ηi

, one can make the four-component

spinors, Ψi and ηi to satisfy the same equation. In this regard, we will be only

considering Ψi for our calculations as ηi will have the same behaviour. The four
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Chapter 4. Holographic Fermi surface at finite temperature

component spinor Ψi can be written in terms of a pair of 2-components spinors Ψi
α,

as follows:

Ψi =

 Ψi
1

Ψi
2

 , Ψi
α =

 Ψi
α−

Ψi
α+

 , α = 1, 2. (4.2.1)

With this notation, Dirac equations (3.4.1) reduce to (i index has been supressed),

(∂r +Xσ3 + Y iσ2 + Zσ1)Ψα = 0,

where X = m
eB√
h
M(φ1, φ2), Y = −e

B−A
√
h
u(r), Z = −e

B−A
√
h

[(−1)αk − v(r)],

and M(φ1, φ2) = (m1e
2φ1 +m2e

2φ2 +m3e
−4(φ1+φ2))

u(r) =
1√
h

[ω + 2m(q1A
(1)
t + q2A

(2)
t )]

v(r) = 2e−B[p1e
−2φ1F

(1)
rt + p2e

−2φ2F
(2)
rt ].

(4.2.2)

One can see that if one changes the value of α than there is a relative flip in the

sign of k. Therefore, for a given value of α if a system admits a Fermi surface at

k = kF , for the other value of α, Fermi surface is at k = −kF , provided all other

parameters are unaltered. Thus, a specific value of α can be selected without any

loss in generality.

Near horizon behaviour of these fermions are oscillatory. To get rid of this oscil-

latory behaviour we will follow [32] and introduce the following quantities, termed

as generalised fluxes. On the introduction of these generalised fluxes one can get rid

of this oscillatory behaviour at near horizon limit.

U± = Ψ− ± iΨ+, F = |U+|2 − |U−|2

I = U+U
∗
− + U∗+U−, J = i(U+U

∗
− − U∗+U−), K = |U+|2 + |U−|2.

(4.2.3)

Dirac equation (4.2.2) can be now written in terms of these generalised fluxes,
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4.2. Green’s Function

with the equations given as

∂rF = 0, ∂rI = 2Y J − 2XK,

∂rJ = −2Y I + 2ZK, ∂rK = −2XI + 2ZJ .
(4.2.4)

For a given value of α the near horizon behaviour of the fermion fields [74] are

given by,

Ψ− = iΨ+ =
i

2
(r − rh)−

iω
4πT , (4.2.5)

along with corrections of order
√
r − rh. The near horizon behaviour of the gener-

alized fluxes can be evaluated from (4.2.5). Considering upto the leading order in

expansion of X , Y and Z at near horizon limit these fluxes at this limit is given by,

F = 1, I = i1
√
r − rh, J = j1

√
r − rh, K = 1, (4.2.6)

where i1 and j1 depends on ω, k, rh and parameters related with fermions.

At the asymptotic limit r →∞, behaviour of the fermions are given by [44]

Ψ+ = Ar
3
2 +Br−

5
2 , Ψ− = Cr

1
2 +Dr−

3
2 . (4.2.7)

Using (4.2.3), one can relate generalised fluxes to the coefficients A, B, C and D

given in (4.2.7). The expression for these fluxes at asymptotic limit is given by,

F0 = 2i(AD∗−A∗D) = 1, J0 = −2(A∗D+AD∗), K3 = 2|A|2 = −I3, (4.2.8)

where the subscript in coefficient in the above equation shows the power of r in the

asymptotic expansion.

The ratio of the coefficients in the asymptotic limit (4.2.7) gives the relation of

Green’s function.

GR =
D

A
, (4.2.9)

due to infalling boundary condition, the Green’s function becomes retarded. The
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Chapter 4. Holographic Fermi surface at finite temperature

imaginary and real part of Green’s function are given by

Im(GR) =
1

2i

A∗D − AD∗

|A|2
=

1

2K3
,

Re(GR) =
1

2

A∗D + AD∗

|A|2
= − J0

2K3
.

(4.2.10)

The Green’s function turns out to be a 2 × 2 matrix Gαβ in case of our notation.

However, it turns out to be diagonal in the present case. We will be considering G11,

corresponding to α = 1. Changing the α value would equate to the reversal of the

Fermi momentum sign, as previously mentioned.

4.3 Results

In this section, we have analysed the dual fermionic operator in the supergravity

theory, given in Table 3.4.1 by studying the spectral function related to it. All eight

fermions are charged under U(1) × U(1) gauge field. As explained in [44], these

various fermionic modes are related to each other by interchanging the charge pa-

rameters Q1 and Q2 and flipping the sign of qi and pi associated with flipping the

signs of k and ω. In general, we have a background with two non zero charge param-

eter Q1 and Q2. We have only considered two different modes, namely q1 = −3/2,

q2 = −1/2 and q1 = −3/2, q2 = 1/2 as the behaviour of other modes in this back-

ground are similar. We have referred to these as two-charge cases. For each of the

two modes, we numerically solve (4.2.2) subject to the infalling boundary condition

(4.2.6) and obtain the spectral function ImGR using (4.2.10), throughout the result

we will set m = 2. In addition, to the general background, we have studied spectral

function for fermions in the background with a single charge, as well. This back-

ground can be realised by setting one of the charge parameters, Q2 = 0 and then

following the previous procedure we examined the modes with q1 = 3/2, q2 = 1/2

and q1 = 1/2, q2 = 1/2. Due to the symmetry, once again the other modes in table

3.4.1 have similar behaviours. We have termed these as one-charge cases. It may

be mentioned that, since Q2 = 0 does not admit an extremal limit, Fermi surfaces
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of one-charge cases can only be studied at finite temperature. We have followed the

criteria given in [32] to verify the existence of Fermi surface at finite temperature.

If there is a Fermi surface for a certain value of k = kF , it appears as a peak in the

spectral function for ω = 0 around kF , which has a width small enough compared

to the temperature. In addition to that, if we plot the spectral function vs. ω at

k = kF that should show a peak near ω = 0, which is consistent with quasi-particle.

Furthermore, the height of the peak of spectral function at ω = 0 should be large

enough. We have considered ratio of spectral function and µ∗ =
√
T 2 + µ2

1 + µ2
2 in

the plots as the underlying theory is conformal.

In chapter 3 we have studied Fermi surfaces for the two-charge cases at zero

temperature [44]. We found two kinds of solution one with a higher net charge,

where dual operator admits two Fermi surfaces with one Fermi surfaces lying in

the regime of Fermi liquid and the other being in the non-Fermi liquid regime, both

approaches marginal Fermi liquid as Q1 approaches infinity. Operator dual to the

mode with lower net charge admits one Fermi surface, which is partly in both Fermi

liquid and non-Fermi liquid regime.

We begin our analysis for finite temperature by taking q1 = −3/2, q2 = −1/2

at T = 0.0005. To study the charge parameter dependence on the Fermi surface we

have taken two different values, Q2
1/r

4
h = 10 and Q2

1/r
4
h = 2. In Fig. 4.1 we have

plotted spectral function at ω = 0 for Q2
1/r

4
h = 10, as we see there are two peaks

around two different k values, k1 = −2.6 and k2 = 4.3. The former peak is quite

broad which does correspond to the Fermi surface while the latter is sharp indicating

a Fermi surface. Comparing this to our previous results in chapter 3 we can observe

at that value of charge parameter, there is only one branch that admits Fermi surface,

while the other branch has already entered the oscillatory region. The existence of

the Fermi surface is confirmed by spectral function vs. ω plots for k1 = −2.6 and

k2 = 4.3 given in Fig. 4.1 where we can see, the former does not have a sharp peak

around ω = 0. Next for Q2
1/r

4
h = 2, the plot of spectral function vs. k is given in

Fig. 4.2, where we can see two sharp peaks at k1 = 1.177 and k2 = 4.5, indicating
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Chapter 4. Holographic Fermi surface at finite temperature

existence of two Fermi surfaces. Plots of spectral function vs. ω at those values of k

are given in Fig. 4.2, where we can see peaks around ω = 0, adding to the fact that

both correspond to Fermi surfaces. These results for two different charge parameter

support the previous results in chapter 3 obtained at T = 0 [44], that at this value of

charge parameter, there exist two Fermi surfaces.

Taking the same temperature T = .0005 next we will consider the fermionic

mode with charges q1 = −3/2, q2 = 1/2 which correspond to lower net charge in

case of zero temperature. For Q2
1/r

4
h = 10 and Q2

1/r
4
h = 2 plots are given in Fig.

4.3 and Fig. 4.4 respectively. It is clear from the figures that in both the cases it

has a single peak, at k = −.1572 and at k = 3.054 for Q2
1/r

4
h = 10 and Q2

1/r
4
h = 2

respectively. For both the values of charge parameter, it shows a peak of spectral

function around ω = 0 at respective k values. Due to the single peak for each value

of charge parameter, this specific mode admits only a single Fermi surface for each

of the cases. This feature is seen in the zero temperature case in chapter 3 as well.
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Figure 4.1: Spectral function for fermionic mode with q1 = −3/2, q2 = −1/2,Q2
1/r

4
h =

10

As mentioned earlier we could not find any extremal limit for one-charge cases

in zero temperature so we extend our analysis to one-charge cases, by setting one
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Figure 4.3: Spectral function for fermionic mode with q1 = −3/2, q2 = 1/2 for
Q2

1/r
4
h = 10

of the charge parameters to be zero Q2 = 0. First we start with operator dual to the

mode with q1 = 3/2, q2 = 1/2, for this case we have plotted spectral function vs. k

at ω = 0. One can clearly see from Fig. 4.5, it shows a peak at around k = −0.899.

Taking this value k = −0.899 we have plotted the spectral function vs. ω, where we

see a peak of around ω = 0. From this, we conclude that this mode admits a Fermi

surface. Similarly we will consider the operators, dual to the fermionic mode with

q1 = 1/2, q2 = 3/2 where the corresponding plots are given in Fig. 4.6. We can see

a peak in spectral function vs. k at k = 0.451 but the spectral function vs ω-plot at

k = 0.451 does not give any peak around ω = 0. Therefore we can conclude that
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the operator dual to the fermionic mode with charges q1 = 1/2, q2 = 3/2 no Fermi

surface exists.
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Figure 4.5: Spectral function q1 = 3/2, q2 = 1/2 . Left figure is at ω = 0 and right
figure is the plot vs. ω..

In two-charge cases, fermions with higher charges have more tendency of form-

ing Fermi surfaces. From the dual field theory perspective, operators with gaug-

inos ψ(±1/2,±1/2) have two Fermi surfaces, while operators involving gauginos

ψ(±1/2,∓1/2) have a single Fermi surface. So it seems that it is the gauginos that

determine the nature of the Fermi surface admitted by the operator. To determine

the role of the scalars toward the nature of the Fermi surface in the dual field the-

ory, we consider the relation between φ1 and φ2 in the supergravity and the scalar

operator in the dual field theory. Our solution has a symmetry group of U(1)×U(1)

which rotates phases of Σ1± and Σ2± respectively. This means that M5-branes are

distributed in a symmetrical manner in the large N limit. In terms of Σi, i = 1, 2, ..5
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Figure 4.6: Spectral function q1 = 1/2, q2 = 3/2 . Left figure is at ω = 0 and right
figure is the plot vs. ω.

(they are related to Σ1± and Σ2± through Σ1± = Σ1 ± iΣ2,Σ2± = Σ3 ± iΣ4) [44]

this means that dual field theory scalar operators satisfy tr((Σ1)2) = tr((Σ2)2) and

tr((Σ3)2) = tr((Σ4)2), which we would refer as tr(Σ2
A) and tr(Σ2

B) respectively,

while we write (Σ5)2 = Σ2
C . Taking this symmetry in the account, the operators

dual to the supergravity field φ1 and φ2 can be written as by [77],

Oφ1
∼ 1

5
tr(−3Σ2

A + 2Σ2
B + Σ2

C) and Oφ2
∼ 1

5
tr(2Σ2

A − 3Σ2
B + Σ2

C). (4.3.1)

From the asymptotic expansion of φ1 and φ2, as given in supergravity solution

(3.2.5), one can see for the one-charge cases, where we set Q2 = 0, 〈Oφ1
〉 is nega-

tive and 〈Oφ2
〉 is positive. This implies ΣA, or in other words, Σ1± has a non-zero

expectation value. From our analysis given above, we find that the operators involv-

ing Σ1± give rise to Fermi surface, while operators involving Σ2± does not admit

one. It suggests that expectation values of the scalars appearing in the dual operator

play a role in determining the Fermi surface. A similar result has been found in

N=4 SYM and ABJM model [32]. It may be mentioned that in the present case the

near horizon geometry is AdS2 with a non-zero entropy at T = 0, while the models

discussed in [32] have vanishing zero entropy, and so this feature seems to be quite

general. In the cases where both the charge parameters are non-zero, it is plausible

to assume that both Σ1± and Σ2± have non-zero expectation value in general, giving

rise to Fermi surface(s) for all the operators.
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Chapter 4. Holographic Fermi surface at finite temperature

4.4 Discussion

To summarise, Fermi surface has been studied for two charge parameters and one

charge parameter in the six dimensional (2, 0) theory at finite temperature. For two

charge parameters, operators which are dual to the fermionic modes with higher net

charge are most probable of admitting Fermi surface, confirming the result of zero

temperature analysis. We find the one with higher charge admits two Fermi surfaces,

while the one with less charge admits one. For our results, we can see the nature

of the Fermi surface depends on the charge of the gaugino ψ of the dual operator

which is of the form tr(Σψ). The analysis was extended at finite temperature to

the single-charge cases, which were obtained with the charge parameter set to zero.

We have taken all fermionic modes into consideration and found that only operators

dual to certain modes admit Fermi surface, whereas others do not. By analysing

the dual field theory, we find the corresponding operator admits Fermi surface if the

background corresponds to the non-zero expectation of the scalar. However, if both

the charge parameters are non-zero, all scalars will probably have expectation values

and dual operators associated with all fermionic modes, as we saw in the current

model, admit one or more Fermi surface/s. If that is the case as explained in [32],

then Fermi surface singularity is related to the coloured gaugino. Nevertheless, the

N = 4 SYM [30] analysis gives counter examples [32], therefore understanding the

roles of scalar operators requires a further study.

As already described, it is necessary to consider models which can be analyzed

in more detail to obtain a clear overview of the roles played by various operators

in dual field theory in the context of Fermi surfaces. One can also shed some light

on it by using Luttinger count of charge density [29]. In this current chapter, we

have only considered those fermionic modes, which decouples from gravitini in

supergravity theory. A study of other modes and that of the gravitini itself could

provide further insight into the dual field theory. In previous chapter 3, we have

observed that the dual field theory is in the marginal Fermi liquid regime in the two-

charge cases for limiting values of the charge parameters [44]. This marginal Fermi
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liquid behaviour is shown by cuprates at the limit of optimally doped [76] and so

the study of such limiting value of charge parameters will be interesting to extend.

A finite temperature study of transport phenomena for the current model could also

lead to a better understanding.

Finally, a thermodynamic analysis could illuminate the stability issues of the

present model. In five dimensions similar black hole solutions show instability

through the development of charge density resulting in spontaneous breaking of

SU(2) ⊂ SO(6) and translational invariance [78]. In the present case, the theory

has an SO(5) symmetry and it might be interesting to see if it becomes unstable

with the similar breaking of symmetry.
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Chapter 5

Fermionic spectrum with spontaneous

symmetry breaking

5.1 Introduction

So far we have studied the fermionic response of black hole solutions which cor-

responds to specific states in the dual system. Using AdS/CFT correspondence we

have analysed the behaviour of the Fermi surface and excitations around it. Being

dual to a finite density system, such solutions are characterised with one or more

U(1) symmetries. However, in specific circumstances these systems develop insta-

bilities toward decay into a more stable configuration, which spontaneously break

one or more U(1) symmetry. The canonical example is a holographic superconduc-

tor, where U(1) symmetry is broken spontaneously by condensation of the scalar

field. It is interesting to study how the fermionic spectrum changes as the conse-

quence of such symmetry breaking.

In this chapter, we will consider a domain wall geometry which breaks one of

the U(1) spontaneously. They are natural candidates for zero temperature limit of

holographic superconductors [37,38]. Study of fermions for such a condensed phase

of holographic superconductor at zero temperature [39] shows a spectrum similar to

that obtained in APRES experiment. Other works in this line include [41], who
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5.1. Introduction

considered a generic fermion in a domain wall background and found normalisable

modes. On the other hand [42] discussed, ABJM theory with symmetry breaking

source and found both gapped and gapless spectrum. [43] also considered a similar

solution in ABJM theory and obtained a gapped spectrum, where the gaps in the

spectra have been attributed to low fermionic charge and particle-hole interaction.

In this chapter, we will look for such a domain wall solution in a maximally

symmetric gauged supergravity theory in seven dimensions.

The field content of this theory has been elaborately discussed in chapter 3. It has

an R symmetry group SO(5) of which domain wall solution breaks one of the U(1)

in the Cartan while retaining the other and thus may correspond to zero temperature

of holographic superconductor. The solution interpolates between two AdS geome-

tries. We have obtained the optical conductivity numerically and find that in the low

frequency limit it behaves as ω24B+3 for certain constant 4B , while for the high

frequency it goes as ω3. The fermionic content of the supergravity theory consists

of 16 spin-1/2 fermions and we have considered only those modes, which do not

couple to gravitino. In the background of the domain wall solutions, we find there

are only four such modes. We have studied spectral function for the operators dual

to those modes and find in the spectrum there is a depleted region around ω = 0.

We have also artificially dialled the value of the charges to study its effect on the

spectrum and find the gap persists. The contents of this chapter have been published

in [46].

The plan of this chapter is as follows. In the next section, we describe the domain

wall solution and study the optical conductivity. In section 5.3 we present Green’s

function while section 5.4 consists of the numerical result. We conclude with a

discussion in section 5.5.
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Chapter 5. Fermionic spectrum with spontaneous symmetry breaking

5.2 Domain Wall solution

The truncated part of the bosonic action of maximally gauged supergravity has been

discussed in chapter 3. Apart from the black hole solution for this truncated the-

ory, we can obtain a different class of solution namely domain wall solution. The

Lagrangian for this theory is given in (3.2.1), where we have considered only two

Cartan gauge fields A12
µ = A

(1)
µ and A34

µ = A
(2)
µ . Considering a diagonal scalar viel-

bein V i
I will lead to U(1)2 gauge symmetry which leads to the case given in chapter

3 and 4. In this particular model, we want a background that would break one of the

U(1), so in this regard, we consider the following ansatz for the scalar vielbein

V i
I = exp[φ2Y2] exp[φ1Y1 + φ3Y3], Y1 = diag(1,−1, 0, 0, 0),

Y2 =

 0 1

−1 0

⊕ diag(0, 0, 0), Y3 = diag(0, 0, 1, 1,−2),
(5.2.1)

where Y1, Y2 and Y3 are generators of SL(5) group. For such a choice the bosonic

action turns out to be

2κ2e−1L =R− m2

2
V (φ1, φ3)− 2(∂φ1)2 − 2 sinh2 2φ1(∂µφ2 + gA

(1)
µ )2 − 6(∂µφ3)2

−(F
(1)
µν )2 − e4φ3(F

(2)
µν )2,

where V (φ1, φ3) =− (e2φ1 + e−2φ1 + 2e−2φ1 + e4φ3)2 + 2(e4φ1 + e−4φ1 + 2e−4φ3 + e8φ3).

(5.2.2)

To break one of the U(1) symmetry we will set φ2 = 0 in the above Lagrangian

which breaks the U(1) symmetry associated with A(1)
µ . From (5.2.1) we can observe

that this is equivalent to a choice of unitary gauge for the coset. From the equations

ensuing from the Lagrangian (5.2.2) we can further simplify the action by setting

φ3 = 0 and A(2)
µ = 0. From the equations of motion, that follows from the above

Lagrangian one can see that these correspond to a consistent solution. The potential
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5.2. Domain Wall solution

V (φ1, φ3) will reduce to

V (φ1) = (2 cosh 2φ1 − 3)2 − 16. (5.2.3)

The extrema of this potential (5.2.3) lies at φ1 = 0 and φ1 = 1
2Log(3±

√
5

2 ). We will

consider a domain wall solutions such that the scalar φ1 interpolates between these

two extrema. To obtain such an interpolating solution, the ansatz for the metric and

the gauge field are chosen as follows

ds2 = e2A(−hdt2 + d~x2
5) +

dr2

h
, A(1) = B1dt. (5.2.4)

With this ansatz, we find the equations of motion to be

−5A′′ = 2
e−2A

h2
g2 sinh2 2φ1B

2
1 + 2φ′21 ,

h′′ + 6A′h′ = 4
e−2A

h
g2 sinh2 2φ1B

2
1 + 4e−2AB′21 ,

4h[φ′′1 + (6A′ +
h′

h
)φ′1] = −4

e−2A

h
sinh 4φ1g

2B2
1 +

m2

2

∂V

∂φ1
,

B′′1 + 4A′B′1 =
1

h
g2 sinh2 2φ1B1,

30(A′)2 + 5
h′

h
A′ = 2

e−2A

h2
g2 sinh2 2φ1B

2
1 + 2φ′21 − 2

e−2A

h
B′21 −

m2

2

1

h
V (φ1),

(5.2.5)

the last equation is a constraint, which remains valid for a range of r given it is

satisfied at some value of r where all other remaining equations are satisfied. We’re

looking for a solution of the above equations (5.2.5) where the scalar field φ1 =

φIR = 1
2Log(3±

√
5

2 ) at IR (r → −∞) and φ1 = 0 at UV (r → ∞). Considering the

above equation in IR limit, we find the following solution

φ1 ∼ φIR, h = 1, B1 = 0, A =
r

LIR
, (5.2.6)

with exponentially suppressed corrections. With the above solution, the geometry

at IR turns out to be AdS with a radius LIR =
√

15
2m . Similarly, at the UV limit, the
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Chapter 5. Fermionic spectrum with spontaneous symmetry breaking

geometry is also AdS with radius LUV = 2
m with A = r

LUV
. In both the limit we

have AdS geometry with different radius.

In order to obtain a solution which interpolates between these two limits, we

need to consider the first corrections to the scalar and the gauge fields at IR which

follows from (5.2.6). Where the corrections are given as [79–82]

φ1(r) = φIR + aφe
4φ(r/LIR), B1(r) = aBe

4B(r/LIR), (5.2.7)

where 4φ =
√

111
2 − 3 and 4B =

√
91
2 − 2, are obtained from the IR limit analysis

of φ and B. We will set ab to be 1 which can be obtained from shifting r and scaling

t and x as given in [81]. Therefore, we will be left out with only a single parameter

aφ for the solution.

At the UV limit from the equation of motion of φ1 we get the leading behaviour

as e−2A and e−4A, which represents the source and expectation value of the dual

operator respectively. As we have already mentioned that we are interested in the

solution which would break the symmetry spontaneously. Further we impose the

additional condition that lim
r→∞

φ1 ∼ e−4A, under this condition, the parameter aφ can

take only discrete values.

Taking boundary condition (5.2.7) into consideration we have numerically solved

the equations (5.2.5). The value of aφ was chosen to be 1.717. We have taken that

specific value (1.717) for aφ as it provided a scalar field with the least number of

nodes. So it may correspond to a solution which is most likely to be stable. In

fig.(5.1) we have given the solutions of different fields. The refractive index which

is given by the ratio between the relative speed of propagation of light in the ul-

traviolet and the infrared n =
√
hUV /hIR [80–82], turns out to be 2.10845 in this

case.

We examine the behaviour of conductivity with variation in frequency after ob-

taining the domain wall solution [80–83]. To do so we consider the gauge fields as

Ax = ax(r)e−iωt, where we have added a time dependent perturbation in x direc-

tion. Due to this a metric perturbation in gtx arises in presence of finite gauge field.
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Figure 5.1: Plots of different fields for domain wall solution

From Maxwell’s equation and Einstein equation, we will get two coupled linearised

equation involving the perturbations, ax and δgtx, which give rise to the following

equation for ax,

a′′x + (4A′ +
h′

h
)a′x +

ω2

h2
e−2Aax −

4

h
e−2A(B′1)2ax =

g2

h
sinh2 2φ1ax. (5.2.8)

The asymptotic behaviour of ax is given by

ax(r) ∼ a
(0)
x + a

(4)
x e−4A + ...., (5.2.9)

where the ellipses denote higher order terms. The expression of conductivity is

obtained by solving the equation (5.2.8) together with infalling boundary condition

which is given by

σ ∼ −i
ω

a
(4)
x

a
(0)
x

, (5.2.10)

73



Chapter 5. Fermionic spectrum with spontaneous symmetry breaking

where the constant of proportionality is independent of ω.

At IR the infalling solution is given by

ax(r) = e−2r/LIRH
(1)
4B+2(ωLIRe

−r/LIR), (5.2.11)

where H(1) is Hankel function of first kind.

We have numerically solved (5.2.8) subject to the boundary condition (5.2.11)

and evaluate conductivity by using the expression given (5.2.10). In Fig. 5.2 we have

plotted conductivity vs. frequency. In order to study the behaviour of conductivity

for small frequency ω, following [81, 82] we will introduce F ,

F = −he4Aa
∗
x∂rax − ax∂ra∗x

2i
, (5.2.12)

where ∂rF = 0, as follows from (5.2.8). At IR limit, F is independent of ω which

follows from (5.2.11). The real part of the conductivity is given by

Re(σ) =
F

4hUV

1

ω|a(0)
x |2

, (5.2.13)

and so in order to determine ω dependence we need to find out how a
(0)
x depends on

ω. For the region LIRLog(ωLIR) << r << rIR where deviation of geomtry from

AdSIR is negligible one can show,

ax ∼ −i
Γ(4B + 2)

π
(

2

ωLIR
)4B+2Zx(r), (5.2.14)

where at the IR region, lim
r→−∞

e−4Br/LIRZx(r) → 1. For large r the ω2 term in

(5.2.8) is negligible and on this basis, if we assume that even at large r the ω depen-

dence of ax remains unaltered, then a(0)
x = lim

r→∞
ax(r) ∼ ω−(4B+2) [81, 82]. From

(5.2.13) it follows

Re(σ) ∼ ω24B+3. (5.2.15)

From figure 5.2 one can observe that ω dependence of Re(σ) agrees with this for
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small ω. For large ω limit, the real part of conductivity goes as ω3, which is its

behaviour for ultraviolet AdS7 geometry.
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Figure 5.2: Re(σ) vs. ω

5.3 Fermionic Action

We have already discussed the fermionic content of N = 4 gauged supergravity in

seven dimensions [67–69] in previous chapters, which comprises of gravitino ψAµ

and spin-1/2 field λAi . In this domain wall background, we will be only considering

those fermions which do not couple with gravitino. The Lagrangian consisting of

only spin-1/2 fields λi are given in (3.3.3). The covariant derivatives differs from the

previous as in chapter 3 and 4 due to the fact that we have a different background

compaired to previous ones. The covariant derivatives in this background are given

by

Dµλ
i = ∇µλi − ig cosh 2φ1[A

(1)
µ (J12)ij)λ

j + (A
(1)
µ S12)λi], (5.3.1)

where J12 and S12 are generators of the U(1) gauge group for vector and spinor

representations respectively. the covariant derivative ∇µ comprises of the spin con-

nection as follows

∇µ = ∂µ −
1

4
(ωµ)abΓ

ab. (5.3.2)

The terms in the Lagrangian corresponds to coupling between gravitino Ψµ and

spin-1/2 fields λi are given in (3.3.6).

In order to simplify the notation we will use for SO(5) vector indices as ex-
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plained in chapter 3 and 4. With this SO(5) notation, 16 independent components

of λ can be organised as λ1±(s12, s34) and λ2±(s12, s34).

We are interested in the fermions which do not couple to gravitino. The second

U(1) (associated with A
(2)
µ ) remains unbroken and gravitino has charges ±1

2 with

respect to it. Therefore spinor components with total charge ±3
2 with respect to

second U(1) do not couple to gravitino. So λ2−(s12,
1
2) and λ2+(s12,−1

2), with s12 =

±1
2 are decoupled from gravitino and we restrict ourselves to the case of these four

fermions only. An explicit computation shows, for the present choice of V i
I , all the

other fermions in 16 couple to gravitino.

Dirac equation for these fermions λi can be written as

(ΓµDµ +
m

4
(5− 2 cosh 2φ1) + i

s12

2
ΓµνF

(1)
µν )λ = 0,

where, Dµλ = ∂µλ− ig(q cosh 2φ1A
(1)
µ )λ, F

(1)
µν = ∂µA

(1)
ν − ∂νA(1)

µ ,

(5.3.3)

the charges q related to the gauge field is given by s12, but for our analysis, we have

kept it generic. The scalar field φ1 determines both the mass and charge term. At

IR limit the mass is given by m/2 where the scalar φ1 = φIR, while at the UV limit

φ1 = 0 and the mass turns out to be 3m/4.

Γ-matrices are chosen as follows

Γt̂ =

 Γt̂1 0

0 Γt̂1

 , Γr̂ =

 Γr̂1 0

0 Γr̂1

 , Γî =

 Γî1 0

0 Γî1


Γt̂1 =

 0 iσ2

iσ2 0

 , Γr̂1 =

 I 0

0 −I

 , Γî1 =

 0 σ1

σ1 0

 ,

(5.3.4)

where I is 2× 2 is identity matrix, σ1, σ2 and σ3 are Pauli spin matrices. Due to the

identical nature of the block diagonal in the relevant Γ-matrices, we can choose, λ =

(Ψ, χ)T where both the 4-component spinors Ψ and χ satisfies the same equation.

In this regard, we will consider only the upper component Ψ. One can get rid of the

spin connection by redefining the spinors with appropriate prefactor and choose the
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5.3. Fermionic Action

Ψ = (Ψ+,Ψ−)T , with each components satisfying the following equation:

(
√
h∂r +

m

4
(5− 2 cosh 2φ1))Ψ+ + ie−A[kσ1 − (

ω + gq cosh 2φ1B1√
h

− s12B
′
1)iσ2]Ψ− = 0,

(−
√
h∂r +

m

4
(5− 2 cosh 2φ1))Ψ− + ie−A[kσ1 − (

ω + gq cosh 2φ1B1√
h

+ s12B
′
1)iσ2]Ψ+ = 0.

(5.3.5)

These two component spinors are further written as Ψ± = (Ψ±1 ,Ψ
±
2 ) and obtain

the equations for each individual components,

(
√
h∂r −

m

4
(5− 2 cosh 2φ1))Ψ−1 − ie

−A[k − (
ω + gq cosh 2φ1B1√

h
+ s12B

′
1)]Ψ+

2 = 0,

(
√
h∂r +

m

4
(5− 2 cosh 2φ1))Ψ+

2 + ie−A[k + (
ω + gq cosh 2φ1B1√

h
− s12B

′
1)]Ψ−1 = 0.

(5.3.6)

As one can observe, the Dirac equation reduces to coupled equations for the two

components (Ψ−1 ,Ψ
+
2 ). A similar set of equations follows for the other two compo-

nents,

(
√
h∂r −

m

4
(5− 2 cosh 2φ1))Ψ−2 − ie

−A[k + (
ω + gq cosh 2φ1B1√

h
+ s12B

′
1)]Ψ+

1 = 0,

(
√
h∂r +

m

4
(5− 2 cosh 2φ1))Ψ+

1 + ie−A[k − (
ω + gq cosh 2φ1B1√

h
− s12B

′
1)]Ψ−2 = 0.

(5.3.7)

These two sets of equations can be made identical by changing the signs of ω, q

and s12. So it is sufficient to consider only one set of equations and we will be

considering the first set of equations (5.3.6). We will be using a numerical method

with appropriate boundary conditions to solve these equations as we could not find

any analytic solution for it. Nevertheless, one can find analytic expressions for the

behaviour of the solutions at IR and UV limits.

IR limit: At the IR limit above equation gets simplified with the fields and metric

coefficient reduces to A ∼ r/LIR, h ∼ 1, B(1)
t ∼ 0, φ1 ∼ φIR. The geometry is

AdS with radius LIR and the mass is given by mIR = m/2. The equation (5.3.6)
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Chapter 5. Fermionic spectrum with spontaneous symmetry breaking

is solved by using the infalling boundary condition given in [74]. The solutions

get split into two regions which are space-like and time-like momenta region. For

space-like momenta, k2 ≥ ω2:

Ψ−1 (r) = e−r/2LIRKmIRLIR+ 1
2
(
√
k2 − ω2LIRe

−r/LIR),

Ψ+
2 (r) = i

√
k + ω

k − ω
e−r/2LIRK−mIRLIR+ 1

2
(
√
k2 − ω2LIRe

−r/LIR),

(5.3.8)

where K±mIRLIR+ 1
2

represents modified Bessel function. For time-like momentum

we have two parts with, ω > |k| we get a solution which is expressed in terms of

Hankel function of first kind,

Ψ−1 (r) = e−r/2LIRH
(1)

mIRLIR+ 1
2

(
√
ω2 − k2LIRe

−r/LIR),

Ψ+
2 (r) = −i

√
ω + k

ω − k
e−r/2LIRH

(1)

mIRLIR− 1
2

(
√
ω2 − k2LIRe

−r/LIR),

(5.3.9)

Similarly, for the other half, ω < −|k| they are expressed in terms of Hankel function

of second kind.

UV limit: At the UV limit, the fields and metric coefficient are given by A ∼

r/LUV , h ∼ hUV , φ1 ∼ 0. The geometry is once again AdS with radius LUV = 2/m

and the mass reduces to mUV = 3m/4. In this limit equations (5.3.6) has only mass

terms dependence and the asymptotic limit of the solutions are given by,

Ψ−1 (r) ∼ C−1 e
m0r +D−1 e

−(m0+1)r,

Ψ+
2 (r) ∼ C+

2 e
(m0−1)r +D+

2 e
−m0r,

(5.3.10)

where we have set m = 2 and defined m0 = mUV /
√
hUV .

For this set of fermions (Ψ−1 ,Ψ
+
2 ) Green’s function is given by the following [14].

GR(ω, k) = i
D+

2

C−1
. (5.3.11)

while for the other set ( Ψ+
1 , Ψ−2 ) we have a similar expression. These two com-

ponents of Green’s function form the two diagonal object of Green’s function. For
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our purpose, we will consider only the one given in (5.3.11). The spectral function

evaluated from the expression of Green’s function as A(ω, k) = Im[GR(ω, k)]. We

will study the behaviour of the spectral function with respect to frequency and mo-

menta. In the next section, using the boundary conditions at IR we will solve the

Dirac equations numerically.

We conclude this section with the discussion of the dual field theory. The oper-

ators dual to the spinor fields in the supergravity transforming under 16 are of the

form tr(Σψ), as already mentioned in chapter 3. For our purpose we organise them

as tr(Σ1±ψ(s12, s34)) and tr(Σ2±ψ(s12, s34)) with s12, s34 = ±1/2 .

The identification of the operators dual to the 14 scalars appearing in the coset

is slightly more subtle. We have already mentioned about these identification in

terms of position of M5 branes in chapter 4. A more precise identification of the 14

scalars in cosets is given by [77]. In the dicussion of bosonic action in chapter 3 we

introduced the symmetric tensor, T ab = V −1 a
I V −1 b

J δIJ , where V −1 is the inverse

of the coset and a, b = 1, 2.., 5. This tensor can be written in terms of another

symmetric tensor (eS)ab, where Sab is a 5 × 5 traceless matrix. The operators dual

to Sab are given by Oab = ΣaΣb − 1
5δab(ΣcΣ

c). For our choice of scalars,

Sab = (−2φ1, 2φ1, 2φ3, 2φ3,−4φ3), Oφ1
∼ −(Σ2

1 −
1

5
(Σ2

1 + ...+ Σ2
5)) etc.

(5.3.12)

Let us also recall that we begin with two U(1) symmetry for the choice of our coset

one of the U(1) is broken. The surviving U(1) symmetry corresponds to rotation

between Σ3 and Σ4. We also note for the latter purpose that the fermionic operators

dual to the four fermionic modes in the supergravity that we are considering involve

Σ3 and Σ4 only.

5.4 Numerical Result

In this section we have considered fermions λ2±(1
2 ,±

1
2) and plotted the spectral

function corresponding to its operator in the boundary dual CFT. The charges for
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Chapter 5. Fermionic spectrum with spontaneous symmetry breaking

first U(1) is given by q = ±1
2 and the coefficient of the Pauli term is ±1

2 . In Fig. 5.3

we have plots of spectral function Im(GR) vs. ω for several values of k with two

distinct charges q = 1/2 and −1/2.

For positive q, which can be observed in Fig. 5.3a, all peaks lie on the positive

side of ω. Height of the peak is highest for k = 0.11, as k moves away from it, the

height of the peak decreases. It develops a hump on the negative side of ω. For the

negative value of q, the peaks appear on the negative side of ω which is given in Fig.

5.3b with the height of peak being highest at k = −0.12. The peak’s height becomes

smaller as k deviates from this value of k. Once again humps appear, this time on the

positive side of ω. As the humps in the main figure are not visible, we have created

an enlarged figure for positive ω in the inset. In both of the cases, spectral function

shows a depletion around ω = 0 indicating a gapped spectrum. We have inspected

the spectral function for further higher values of q. We find that the depleted region

still survives for this higher value of the charge. However, on increasing the charge

q, a larger number of peaks seem to appear and the heights of the peaks appear to

increase
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(a) ImGR vs. ω for q = 1/2
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Figure 5.3: Spectral function for fermionic mode with: Left: k = .09 (green), k = .1
(red), k = .11 (blue), k = .12 (black). Right: k = −.1 (green), k = −.11 (red),
k = −.12 (blue), k = .13 (black).

The presence of gapped spectrum for the fermionic operators may be due to

insufficient charge or due to the presence of Pauli term. In the present case, charges

of fermions under the U(1) gauge group at the asymptotic limit is given by q = ±1
2 .

We have artificially tuned q to q = −2 and set the Pauli term as zero to prevent its
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5.5. Discussion

effect, in order to check whether that gap in the spectrum depends on the charge of

the fermion. The gap still remains which can be seen from Fig. 5.5. When |q| is

higher, the peaks start to appear on the positive side of ω and those peaks are sharper

and higher than q = ±1/2. On the negative side, for this value of q, humps continue

to exist along with small peaks.
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Figure 5.4: ImGR vs. ω for q = 2

Figure 5.5: Spectral function for fermionic mode with k = −.3 (green), k = −.2 (red),
k = −.1 (blue), k = −.04 (black)

5.5 Discussion

In seven dimensional gauged supergravity theory we have obtained a domain wall

solution, which interpolates between two AdS geometries which have different radii.

These two AdS geometry lies on extrema of the scalar potential, where one extrema

is the IR limit where we have a non-zero value of the scalar field and the other ex-

trema corresponds to UV limit where scalar field vanishes. Non zero expectation

value of the scalar field on the extrema breaks one of the U(1) symmetry sponta-

neously in the Cartan of SO(5), due to this one can consider this to be similar to a

holographic superconductor. We have studied the behaviour of optical conductivity

with variation in frequency where we find that the real part of conductivity obeys a

power law with certain exponent for small frequency, while for the large frequency

it depends on the cubic power of frequency.

In the background of domain wall, we have considered the fermions. It turns
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Chapter 5. Fermionic spectrum with spontaneous symmetry breaking

out, there are four fermionic modes (out of total 16) in the supergravity theory, that

does not couple to the gravitino in this background. We have studied the spectral

function associated with the dual operators to those modes and find all of them leads

to gapped spectra. Since inadequate charge or presence of Pauli term often leads to

gapped spectrum. we have artificially increased the charges and set the Pauli term

equals zero, though the gap remains in the spectral function. Similar gapped spec-

trum was obtained in [39] for fermionic quasi-particles in the presence of condensate

at zero temperature. Gapped spectra were also found in four dimensional gauged su-

pergravity dual to ABJM model [42, 43], where the gap has been attributed to the

low charge or particle-hole interaction.

The present solution corresponds to the expectation value of dual operator Oφ1

to be negative. Therefore. from (5.3.12) it implies 〈tr(Σ2
1)〉 > 0. Furthermore, since

φ3 = 0 for our solution, from Oφ3
= 0 one can conclude that 〈tr(Σ2

3) + tr(Σ2
4)〉 > 0.

As has already been pointed out, the operators dual to the fermionic modes con-

sidered here involves Σ3 and Σ4. So the fermionic operators involving bosons with

non zero expectation value gives rise to gapped spectrum in this case. It will be

interesting to understand the essential field theory mechanism that determines the

appearance of the gap in the spectrum.

The domain wall we have considered interpolates between two conformal field

theories and in that sense, it is similar to a renormalisation group flow. However, in

this case, it has a spontaneously generated expectation value of a symmetry breaking

operator rather than adding relevant deformation. It may be interesting to address the

stability issues associated with this domain wall solution. It would also be interest-

ing to obtain this solution as a zero temperature limit of holographic superconductor.

Regarding the fermionic spectrum, a clear picture of the roles played by various op-

erators in the dual field theory would be quite useful, which requires models that

can provide more precise and detailed analysis. In order to keep the analysis sim-

ple, we have set one of the gauge fields and scalar fields to be zero. Considering

a more general background may be more informative. We have not considered the
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5.5. Discussion

fermionic modes coupled to gravitini and a full fledged analysis of all the modes

including gravitini may lead to further insight.
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Chapter 6

Fermionic spectrum from a domain

wall in five dimensions

6.1 Introduction

In last chapter we have studied the behaviour of fermions in the background of

domain wall solution arising in a maximally symmetric theory. This domain wall

soution arises due to particular choice of scalar vielbiens in truncated bosonic action

of maximally gauged supergravity theory. Due to presence of large symmetry one

can have a better control. Also it makes the theory simpler involving less number

of fields. Though it is suitable to study some of the aspects, a realistic model would

have less symmetry and lower dimension.

In view of this, we would like to extend this analysis to a gavity theory with less

supersymmetry in five dimension. This theory can be obtained [81] by compactifica-

tion of type IIB supergravity on a five dimensional Sasaki-Einstein manifold [80,84]

after making suitable truncations. Solution of equation of motion of this truncated

theory can be expected to remain a solution when uplifted to the full theory. The

field contents and the dynamics of this model has been elaborately discussed in [84].

The bosonic part of this theory admits a domain wall solution, which interpolates

between two AdS geometries. It leads to spontaneously breakdown of a U(1) sym-

84



6.2. Domain Wall solution

metry and in that respect, it may correspond to zero temperature of holographic

superconductor. This domain wall solution corresponds to some state in the dual

field theory. Studying fermions in the gravity theory in this background can shed

light on the behaviour of fermionic operators in the dual theory.

So we consider dynamics of the fermionic modes of this truncated five dimen-

sional theory in this domain wall background. It turns out [84] that after suitable

truncation, the fermionic modes can be organised in different sectors.In addition,

this five dimensional theory demonstrates a different kind of couplings between

fermions and charged scalars which may have some phenomenological interest [84].

For convenience, we have chosen most suitable sector for our purpose; the sector

consisting of a single fermion, which does not couple to fermions in other sectors

or gravitini. As we have explained in detail this fermion can be considered as dual

to fermion of a supermultiplet, arising in a quiver gauge theory. We have used holo-

graphic method to study the spectral function of this dual operator. Furthermore, in

order to keep our study flexible we analyse fermions with different values of charges.

We have analysed behaviour of fermions for two different distinct fermionic

charges. From the study of the fermionic spectrum we find higher fermionic charge

leads to a gapless spectrum, while for lower charge it develops a gap. We have

also studied behaviour of the gap with variation of Pauli term. We obtained the

dispersion relation of excitations for these two charges as well. The contents of

this chapter has been published in [47]. In the next section, we briefly describe

the domain wall solution that we use as the background. In section 6.3 and 6.4

we present Green’s function and its numerical computation for different charges

respectively. We conclude with a discussion in section 6.5.

6.2 Domain Wall solution

In this section we will start with a brief review of the domain wall solution which

was obtained in [81]. We consider compactification of type IIB string theory on a
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Chapter 6. Fermionic spectrum from a domain wall in five dimensions

product of an anti-de Sitter space and a Sasaki-Einstein manifold, AdS5 × Y . A

consistent truncation gives rise to a five-dimensional theory with bosonic content

consisting of metric, a U(1) gauge field and a complex scalar. The action is given

by [81]

S =
1

2κ2
5

∫
d5x
√
−g(R− 1

4
FµνF

µν

− 1

2
[(∂µη)2 + sinh2 η(∂µθ −

√
3

L
Aµ)2] +

3

L2
cosh2 η

2
(5− cosh η)

(6.2.1)

where ηeiθ represents the complex scalar field and also there is an additional Chern-

Simons term. The potential V (η) = − 3
L2 cosh2 η

2(5− cosh η) has two extrema, η = 0

and η = Log(2 +
√

3)

Similar to previous domain wall solution in chapter 5, we will consider following

ansatz for the metric, gauge field and scalar field in order to obtain domain wall

solution,

ds2 = e2A
(
−hdt2 + dx2

)
+
dr2

h
, A = Atdt, θ = 0. (6.2.2)

The equations of motion obtained from the above action (6.2.1) together with of

the ansatz (6.2.2) are given by [82]

3hA′′ = − 3

2L2

e−2A

h
sinh2 ηA2

t −
1

2
h(η′)2,

h′′ + 4A′h′ = e−2A(A′t)
2 + 2

3

2L2

e−2A

h
sinh2 ηA2

t ,

η′′ + (4A′ +
h′

h
)η′ = −2

3

2L2

e−2A

h2
A2
t sinh η cosh η +

1

h
V ′(η),

A′′t + 2A′A′t =
3

L2h
sinh2 ηAt,

3

2
[4h(A′)2 + A′h′] =

1

2h
[
1

2
h2(η′)2 +

3

2L2
e−2A sinh2 ηA2

t −
1

2
e−2Ah(A′t)

2 − hV (η)],

(6.2.3)

the last equation is a constraint which has been explained in previous chapter 5.

The domain wall solution once again interpolates between two extrema of scalar

potential, η = 0 at UV and η = Log(2 +
√

3) at IR. At both the limits of IR and UV

we have a AdS5 geometry with radii of curvature LIR = 2
√

2L3 and L respectively.
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The boundary conditions are chosen in the following manner. At IR, At vanishes

and A ∼ r/LIR, h ∼ 1. At IR limit the asymptotic behaviour of the gauge field and

the scalar field are given by,

η ∼ Log(2 +
√

3) + aηe
(4IR−4)r/LIR , At ∼ aAte

(4At−3)r/LIR . (6.2.4)

With4IR = 6−
√

6 and4At = 5 which follows from the IR limit of the equations.

The parameter aAt can be set to 1 [81] by shifting r. That would introduce a mul-

tiplicative factor in e2A in the metric, which can be reabsorbed by rescaling t and ~x

appropriately. So we are left with a single parameter aη.

At UV, η = 0, h = hUV , A ∼ r√
hUV L

. From the equation of motion, it follows

that asymptotic behaviour of η is given by e−A and e−3A. Solution with spontaneous

breaking of symmetry is ensured by setting η ∼ e−3A at UV, which corresponds to

an expectation value for the dimension 3 operator dual to η. This condition allows

aη to have only the discrete values. Equations (6.2.3) can be solved numerically by

choosing a suitable value of the parameter aη, which leads to a domain wall solution.

aη = 1.866 gives the least number of nodes for the range we have considered, so we

have chosen that value of aη for our further calculations. This solution is expected

not to be supersymmetric and so there are possibilities of instabilities. An analysis

of thermodynamic stability of the numerical solution is required to settle stability

related issue. Our choice corresponds to the fact that for other values of aη would

give solutions with a higher number of nodes with same boundary condition and so

have higher free energy and can be considered as less favourable thermodynami-

cally. Profiles of the various fields are given in Fig. 6.1.

6.3 Green’s Function

In this section considering domain wall solution as our background, we will study

the fermionic spectrum A consistent truncation of bosonic theory in a compactifi-

cation of type IIB theory on AdS5 times a Sasaki-Einstein manifold gives domain
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Figure 6.1: Plots of different fields for domain wall solution

wall as a solution. The fermionic part of this truncated theory has been studied

in a detailed manner in [84]. As given there, one can get a decoupled sector for the

fermionic fields with the suitable truncation of the fermionic sector of this theory. To

make our analysis simple in the present case, we will be only considering a single

fermionic mode, which decouples from gravitino and any other fermionic modes.

The action for this particular single fermionic mode is given by

S =

∫
d5x
√
−g 1

2
λ̄(ΓµDµ+ i

√
3

2
sinh2 η

2
ΓµAµ−

1

2
(7+sinh2 η

2
)− ip

√
3

4
ΓµνFµν)λ,

(6.3.1)

where Dµ = ∂µ + 1
4ωµabΓ

ab − i
√

3q
2 Aµ and ωµab is the spin connection. We have

set L = 1. The asymptotic charge and the coefficient of Pauli term evaluated from

the supergravity action are given by q = 1 and p = 1
6 respectively, but we have kept
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these as a free parameter. The Dirac equation following from the action is given by

[Γµ(∂µ − i
√

3Q

2
Aµ)−M − ip

√
3

4
ΓµνFµν ]λ = 0, (6.3.2)

where Q = q + sinh2 η
2 and M = 1

2(7 + sinh2 η
2) are charge and mass terms which

depends on the scalar. Contribution from spin connection in the Dirac equation can

be removed by redefining λ as λ→ h−1/8 λ.

We choose the following γ-matrices in 2× 2 block form,

Γt̂ =

 0 iσ2

iσ2 0

 , Γr̂ =

 1 0

0 −1

 , Γx̂ =

 0 σ1

σ1 0

 . (6.3.3)

Spinors are chosen to be λ = e−iωt+ikx(Ψ+,Ψ−)T , where each of the Ψ± are two

component spinors. Dirac equations reduce to

(±
√
h∂r −M)Ψ± + ie−A(kσ1 −

ω +
√

3Q
2 At√
h

iσ2 ∓
√

3p

2
A′tiσ2)Ψ∓ = 0. (6.3.4)

Writing Ψ± = (Ψ±1 ,Ψ
±
2 )T , equations for the individual components becomes

(
√
h∂r −M)Ψ+

1 + ie−A[k −
ω +

√
3Q
2 At√
h

−
√

3p

2
A′t]Ψ

−
2 = 0,

(
√
h∂r +M)Ψ−2 − ie

−A[k +
ω +

√
3Q
2 At√
h

−
√

3p

2
A′t]Ψ

+
1 = 0.

(6.3.5)

The other two components satisfy the following equations,

(
√
h∂r −M)Ψ+

2 + ie−A[k +
ω +

√
3Q
2 At√
h

+

√
3p

2
A′t]Ψ

−
1 = 0,

(
√
h∂r +M)Ψ−1 − ie

−A[k −
ω +

√
3Q
2 At√
h

+

√
3p

2
A′t]Ψ

+
2 = 0.

(6.3.6)

( Ψ+
1 , Ψ−2 ) and ( Ψ+

2 , Ψ−1 ) are two set of coupled equations. Each set can be in-

terchanged by flipping the signs of ω, Q and p. In this respect it is sufficient to

consider only one set of equations, so we will confine ourselves to the case of ( Ψ+
1 ,
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Ψ−2 ) only. From (6.3.5) we can get the IR and UV behaviour of these fermions. At

the IR limit, η = Log(2 +
√

3), which sets Q = q+ 1/2,mIR = 15/4 and h = 1. The

geometry at this limit is AdS with radius LIR. The behaviour of fermions that match

the in-falling boundary condition depends on whether the momentum is time-like or

space-like after [74]. In the following, we discuss the two individual cases.

We start with space-like momenta, where k2 ≥ ω2. In this case, in-falling bound-

ary conditions at IR is defined in terms of modified Bessel functions given as

Ψ+
1 (r) ∼ U+

1 e
−r/2LIRKmIRLIR+ 1

2
(
√
k2 − ω2LIRe

−r/LIR),

Ψ−2 (r) ∼ U−2 e
−r/2LIRKmIRLIR− 1

2
(
√
k2 − ω2LIRe

−r/LIR),

(6.3.7)

where U−2 = −i
√

k+ω
k−ωU

+
1 . We have chosen U+

1 = 1.

For time-like momentum, where ω| > |k| the solutions are given in terms of

Hankel function of first kind,

Ψ+
1 (r) ∼ U+

1 e
−r/2LIRH

(1)

mIRLIR+ 1
2

(
√
ω2 − k2LIRe

−r/LIR),

Ψ−2 (r) ∼ U−2 e
−r/2LIRH

(1)

mIRLIR− 1
2

(
√
ω2 − k2LIRe

−r/LIR),

(6.3.8)

where U−2 = i
√

ω+k
ω−kU

+
1 . We have chosen U+

1 = 1. Similarly, for ω < −|k| they are

expressed in terms of Hankel function of second kind.

At UV limit, for both time-like and space-like region, η = 0, Q = q and MUV =

7/2. The metric coefficient h(r) and the gauge field At approaches hUV and At(UV )

respectively, with hUV being a constant. The geometry is AdS with radius LUV . At

asymtotic limit r →∞ fermions depend only on mass terms and are given by

Ψ+
1 (r) ∼ C+

1 e
MUV r/

√
hUV +D+

1 e
−(MUV +1)r/

√
hUV ,

Ψ−2 (r) ∼ C−2 e
(MUV−1)r/

√
hUV +D−2 e

−MUV r/
√
hUV .

(6.3.9)
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6.4. Result

The Green’s function is given by

GR(ω, k) =
D−2
C+

1

. (6.3.10)

The Green’s function in the present case is diagonal and the other component can

be obtained from ( Ψ+
2 , Ψ−1 ) in a similar manner. The imaginary part of the retarded

Green’s function represents the spectral function. In the next section, we study the

behaviour of spectral function for fermions for different choices of charges. In this

case, the Green’s function is diagonal, and the other component ( Ψ+
2 , Ψ−1 ) can

be obtained similarly. The spectral function is given by the imaginary part of the

retarded Green’s function. In the following section, we examine the behaviour of

spectral function for fermions with the variation of charge.

6.4 Result

In this section, we will study the behaviour of the dual operators of these fermionic

modes. As mentioned earlier, we will be only considering the modes corresponding

to ( Ψ+
1 , Ψ−2 ) which is sufficient as the behaviour for the other two fermionic modes

will be similar. In this model both charges and masses depend on the scalar field η

as Q = q − sinh2 η
2 and M = 1

2(7 + sinh2 η
2) which is not seen in the case any other

generic fermions.

We will analyse two different cases which correspond to spacelike and timelike

region. For the spacelike region taking the boundary condition (6.3.7) we will solve

Dirac equations (6.3.5) numerically and look for normal modes. The normal modes

are given by the zeroes of C+
1 in (3.4.11) which leads to singularities in the Green’s

function. We fix the value of charge q and we scan the value of k for different

value of ω to find the zeroes of C+
1 . We begin with q = 1 which follows from

the supergravity model, which does not yield any normal mode. We could not find

any normal mode with the charge of this supergravity model which is consistent

with [41] as the asymptotic charge (q = 1) is quite small and also has a non-zero
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Chapter 6. Fermionic spectrum from a domain wall in five dimensions

asymptotic mass (m = 7
2), as the mass increases the probability of finding a normal

mode decreases.

We find the normal modes for ω ≥ ωc in this region by artificially increasing

the value of the charge. As charge increases the value of ωc decreases and becomes

ωc = 0. To show this we have considered two different value of charges, q = 4.5 and

q = 10. Unless mentioned otherwise, the value of the mass and Pauli coupling are

set to be equal to the one obtained from supergravity. The plots of ω vs. k for normal

modes for those two charges are given in Fig. 6.2a and Fig. 6.2b respectively. For

q = 4.5 we find the appearance of normal modes at ω ≥ ωc = 0.761, whereas for

q = 10 the minimum value for ω to show normal modes is ωc = 0 indicating the

spectrum to be gapped and gapless respectively.

The supergravity Lagrangian in the present model has a Pauli term with a coef-

ficient of p = 1
6 and as shown in [17, 20] Pauli term may have a significant effect on

the spectral function. As observed in [20], in particular, the large value of Pauli term

may give rise to gapped spectrum. To examine the effect of Pauli coupling keeping

the charge q fixed at 4.5 we have dialled its value of coefficient p manually and plot-

ted the gap δ vs. p in Fig 6.3b. We find the gap is maximum at a small negative

value of p (around -0.3). As we depart from this value, the gap generally decreases

in either side of it, except around p = −3.55 where we get a local maxima. Since

the gap is non-zero at p = 0 for a lower charge, so one cannot comprehend the gap

as a result of Pauli coupling.

From the semi-classical analysis [41], (ω+qφUV )2

hUV
− k2 = m2

eff can be considered

as dispersion relation satisfied by the normal modes, where the constant on the right

hand side is related to the number of nodes of the fermion wave-function associated

with normal mode. The normal modes shown in Fig. 6.2a for q = 4.5 correspond

to zero node wave functions. We have given a plot in Fig. 6.3a representing a

typical wavefunction. As the value of charge q is increased to q = 10, more normal

modes start to appear. These are arranged along different curves as shown in Fig.

6.2b, where associated wavefunctions of the modes lying on a curve have the same
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6.4. Result

number of nodes.

In Fig. 6.2b, the normal modes with the lowest number of nodes lie on the

extreme right curve where the number of nodes is zero, as one moves from right to

left the number of nodes increases. We have tried one parameter fit for these point

with the relation (ω+qφUV )2

hUV
− k2 = m2

eff , with the values of φUV and hUV fixed by

the equation and varied meff . But this one parameter fit could not properly fit these

points. Due to this we tried a three parameter fit where we varied φUV , hUV and

meff as arbitrary parameters, which reproduced the shape of the curves in a proper

manner as given in Fig. 6.2a and Fig. 6.2b. Introducing k2
UV = k2 − (ω+qAt(UV ))2

hUV

we find that, all the normal modes appear inside the region k ≤ (ω+qAt(UV ))2

hUV
which

was also observed in [41].

1 2 3 4 5 6 7
k LUV

2

4

6

ω LUV

ωLUV vs. kLUV for q = 4.5

(a) ωLUV vs. kLUV for q = 4.5

2 4 6 8 10 12
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-5

5

10

ωLUV

ωLUV vs. kLUV for q = 10

(b) ωLUV vs. kLUV for q = 10

Figure 6.2: Normal modes in the space-like region for q = 4.5 and q = 10. The solid
purple lines and red lines represents boundaries of IR and UV lightcones respectively.
Blue lines show the fits.
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Figure 6.3

93



Chapter 6. Fermionic spectrum from a domain wall in five dimensions

Next, we look at the complementary timelike region where taking boundary con-

dition (6.3.8) we solve the Dirac equation (6.3.5) numerically to study the behaviour

of the spectral function. As mentioned above the spectral function is given by the

imaginary part of the Green’s function given in (6.3.10). First, we start with the

massless case of the Dirac equation together with the absence of Pauli term with

charge q = 10 and plot the spectral function vs. ω for different values of k which

are given in Fig.s 6.4a and 6.4b. We plotted ω and k values for the peaks for k < 0

0.5 1.0 1.5 2.0
ωLUV

0.5

1.0

1.5

2.0

Im(GR)

ImGR vs.ωLUV for kLUV = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9

(a) Spectral function for q = 10, ω > k

-2.5 -2.0 -1.5 -1.0 -0.5
ωLUV

1

2

3

4

5

Im(GR)

ImGR vs.ωLUV for kLUV = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9

(b) Spectral function for q = 10, ω < −k

Figure 6.4: Spectral function for fermionic mode in absence of mass term. kLUV
= 0.1(red), 0.2(blue), 0.3(orange), 0.4(black), 0.5(green), 0.6(brown), 0.7(purple),
0.8(pink), 0.9(blue)

in Fig. 6.7a to find dispersion relationship for these excitations. As one can observe

from the figure the set of points in UV region and the set of points for the normal

mode in IR connects smoothly which are separated by the IR light cone (purple line).

A numerical three parameter fit with expression (ω+qφUV )2

hUV
− k2 = m2

eff reproduces

shape of the curve. For k > 0 one finds a similar kind of plot.

Next, we look at the cases with both mass term and Pauli terms in place for two

different values of charge (q = 4.5 and q = 10) and plot the spectral vs. ω for

five and eight different values of k respectively. The plots are given for q = 4.5

in the Fig. 6.5b and q = 10 in the Fig. 6.6. The heights of the peaks increase as

the charge increases. However, as k increases the peak position in ω does not vary

monotonically.

The position of these peaks gives the associated ω value for a given value of k,

from these k and ω value one can get a dispersion relation and plot ω vs. k. For
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modes within the time-like region for q = 10 are given in Fig. 6.7b. Using three

parameter fit with (ω+qφUV )2

hUV
− k2 = m2

eff and varying all the 3 parameters φUV ,

hUV and meff the fit did not agree with the numerical data. Instead, a quadratic fit,

with a relation like ω − ω0 = (k−k0)2

2meff
gave a correct fit fot the data points in this

region, as shown in the figure 6.7b. Similar relation holds for q = 4.5 too. Fig.

6.8 shows that for both q = 4.5 and q = 10 the modes appearing in the timelike

region and the modes corresponding to the normal modes in the space-like region

connects smoothly. For q = 4.5 the modes are trailing along the boundary of IR

lightcone for positive k, while for q = 10 modes for large frequency appears in the

timelike region. However, the modes are outside the UV lightcone in both the cases

for timelike region. A three parameter fit (ω+qφUV )2

hUV
−k2 = m2

eff (green curve in the

figure) was used to fit all the data for entire region which gave a proper fit.

In addition, the dispersion relation for q = 4.5 given in Fig. 6.8 shows a similar

kind of relation as expected from BCS theory where the modes lying on the positive

ω region gives an upward concave pattern. For q = 10, however, a similar kind

of pattern emerges on the negative ω region as well, which is different from the

one obtained for gapped spectrum in [43]. The reason for this could be that as the

value of the charge has been increased the modes has been shifted downwards in ω.

However, for the actual charge of this supergravity model i.e. q = 1 we could not

find any peak as given in Fig. 6.5a. This could be due to the fact that the charge

of this mode is too small. Regardless of this, the large frequency behaviour shows

a similar nature as that of other charges. For the charge q = 1, which follows from

the supergravity, however, we have not found any peak as shown in Fig. 6.5a. This

may be attributed to the fact that charge of this mode is too small. This can be seen

in the inset figure in Fig. 6.5b for q = 4.5.

This is interesting to consider the implications in the dual field theory. For the

present five dimensional supergravity model, the dual theory is given by a four di-

mensional superconformal quiver gauge theory, depending on the compactification

manifold. We are interested in the chiral primary operators in the dual field the-
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Figure 6.5: Spectral function for fermionic mode. Left q = 1. Right q = 4.5 with
kLUV =0 (red), 0.2(green), 0.4(blue), 0.6(purple) and 0.7(brown). The inset figure
shows the behaviour at large frequency.
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Figure 6.6: Spectral function for fermionic mode for q = 10. On left with kLUV =0(red),
.2(black), .4(green), .6(brown). On right with kLUV =.8(blue), 1(black), 1.1(orange),
1.2(purple).

ory. The pertinent field on the gravity side is the scalar field η. Since the mass of

the scalar field is m2 = 4(4 − 4) = −3 the dual operator Oη has a conformal

dimension 4 = 3 with R-charge 2 and so it is chiral primary. In order to identify

this dual chiral primary operator, we observe that for IIB theory compactified on S5

there are two such possible candidates. One is given by the superpotential W and

the other operator involves the gauge field strength superfield Wα and is written as

tr(WαW
α). It turns out that the chiral primary is a linear combination of these two

operators, which is orthogonal to chiral superfield associated with Konishi multi-

plet [85]. The operator dual to Oη can be identified as the lowest component of that

linear combination of these two [80].

One can associate a critical temperature with chiral primary, below which it will
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Figure 6.7: Dispersion relation for q = 10 in time-like region. The solid purple lines
and red lines represent boundaries of IR and UV lightcones respectively. Green lines
show the fits. Left figure shows all regions in k < 0. Right figure shows timelike region.
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Figure 6.8: Spectral function for fermionic mode for q = 4.5 and q = 10. The solid
purple lines and red lines represent boundaries of IR and UV lightcones respectively.
Green lines show the fits. Light blue region shows a timelike region and light brown
region is a spacelike region.

condense. For a black hole background, this critical temperature is a monotonically

decreasing function of conformal dimension4 [80]. Therefore, at zero temperature,

if Oη is responsible for the condensation, it should have lowest conformal dimen-

sion and in order to check that we compare the dimension to those of other chiral

primaries in the dual theory.

We begin with IIB on S5 and as shown in [86] the chiral primary operators of

dimension4 = k, represented by symmetrised traceless combinations tr(Φi1 ...Φik)

correspond to the first family of scalar fields, which admits modes with m2 = k(k−

4), k ≥ 2. As one can observe, for k = 2 this operator has conformal dimension4 =

2 which is less than that of Oη. Next, we consider IIB on T 1,1, for which the chiral
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Chapter 6. Fermionic spectrum from a domain wall in five dimensions

primaries are discussed in [85]. Here tr(AiBj) represents a chiral primary with

4 = 3/2 < 3. As we see IIB on an orbifold of 5-sphere is a suitable option. If we

consider compactification on S5/Γ, where Γ ∈ SU(3), we obtain a supersymmetric

quiver gauge theory as the dual field theory with supersymmetry N = 1. The chiral

primaries for orbifolds are discussed in [86] and as shown there, many of the modes

arising in the compactification on S5 disappear after orbifolding, as they are not

invariant under the discrete symmetry. For Γ = Z3 orbifold, we can analyze the

supergravity mode corresponding to k = 2 mentioned above. They appear in the

representation 20′ of SU(4). For Γ = Z3, it decomposes under SU(3)×U(1) as 20′ =

6(4/3) + 6̄(−4/3) + 8(0). Therefore, out of these modes, only the 8(0) survives the

projection. But 8(0) does not couple to a chiral primary operator. Therefore, we will

not have a chiral primary of dimension 2 in the dual theory. However, superpotential

and tr(WαW
α) will survive the orbifolding makingOη, chiral primary operator with

the lowest dimension.

The fermions considered in [84] corresponds to the lowest rung of mass spectrum

of fermions obtained by compactification of IIB on S5 as given in fig.4 of [87].

In particular, the fermionic mode we are interested in corresponds to mass 7
2 , that

occurs in 4 of SU(4). In the notation of [88,89] it occurs at the level 3 sets of modes

in representationD(p+5/2, 1/2, 0; 0, p−3, 1)+D(p+5/2, 0, 1/2; 1, p−3, 0) at p = 3.

The surviving KK modes for IIB on S5/Z3 has been discussed and classified in [89].

Under SU(3) × U(1) decomposition the Dynkin label splits into (1, p − 3, 0) =

⊕(2p−1)/3
l=(p+1)/3

(−1+2l−p,−1+2p−3l)2p−4l+1 ⊕
(2p/3
l=(p/3+1

(−3+3l−p, 0+2p−3l)2p−4l+1.

The mode we are interested in corresponds to p = 3 and in the second term in

the splitting in this series and gives rise to a singlet of SU(3). As explained in

[89] it belongs to Gravitino multiplet II (λ4 in their notation). The corresponding

superfield in the dual theory is given by L2α̇ = tr(eV W̄α̇e
−VW 2), where V is the

gauge superfield for the dual quiver gauge theory andW represents the field strength

superfield.
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6.5 Discussion

In the background of domain wall solution, we have studied the behaviour of the

operator dual to a certain fermionic mode in the supergravity theory, which does not

couple to gravitino or other fermionic modes. This domain wall solution appears

as a bosonic solution of a five dimensional supergravity theory obtained through

compactification on a Sasaki-Einstein manifold. The dual field theory is a quiver

gauge theory in four dimension. In the dual field theory, the domain wall solution

corresponds to condensation of a chiral primary operator, which is given by a linear

combination of superpotential as tr(WαW
α). The fermionic operator dual to the

supergravity mode belongs to a multiplet given by tr(eV W̄α̇e
−VW 2).

We have manually tuned the value of charges by hand and explored the existence

of normal modes in the space-like region. For the charge q = 1 which follows from

supergravity, we could not find any normal mode. By increasing the charge to higher

value q = 4.5 we find normal modes but at ω > 0 leading to gapped spectrum. If

we increase charge further, there are normal modes at ω = 0 as well, hence giving a

gapless spectrum. We obtain a dispersion relation for the normal modes. Next, we

analysed the time-like region, for q = 4.5 and q = 10 where we looked for peaks

of the spectral function. The dispersion relation in the time-like region turns out to

be quadratic in k, considering both timelike and spacelike regions a hyperbolic fit

matches well. In the case of q = 1, the charge following from supergravity theory,

however, we have not observed any peak. We have also explored the dependence of

gap on Pauli coupling, where the gap shows local maxima at discrete values.

A similar gapped spectrum was observed in [39], where fermionic quasi-particles

in the presence of condensate at zero temperature was studied. Gapped spectra have

also been identified in four dimensional gauged supergravity dual to ABJM model

with broken U(1) symmetry [42, 43], where the gap has been attributed to the low

charge or particle-hole interaction. In the present analysis, it seems that the small

charge is responsible for the gapped spectrum. The condensed bosonic operator

may play a significant role in the behaviour of the spectrum of fermionic operators
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Chapter 6. Fermionic spectrum from a domain wall in five dimensions

considered here. From the perspective of field theory, it would be interesting to

understand the role of the condensed scalar operator in determining the fermionic

spectrum.

The five dimensional supergravity obtained after suitable truncation results in

various decoupled sectors of fermionic modes. We have limited ourselves to the case

of the fermionic sector consisting of a single fermion in the present work. Extending

this analysis to the fermionic modes in other sectors as well may be interesting.

Those fermions, however, are coupled with each other and also coupled to gravitino,

so it requires a more involved analysis.
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Conclusion

Various aspects of strongly correlated systems in condensed matter theories are

not amenable to perturbative studies. Though Landau’s Fermi liquid theory and

other methods provide some understanding there are systems which elude such

approaches. In particular, for various materials high Tc superconductors, heavy

fermions, excitations are found to be in non-Fermi regime due to the absence of

long-lived quasi-particles. Naturally, such systems call for new approaches. Gauge/gravity

duality has been proved to be quite successful as it can translate the strongly coupled

field theory problems in terms of weakly coupled gravity theories. In the present

thesis, we have described the application of this duality in the understanding of be-

haviours of fermions in some strongly correlated systems.

Our approach is mostly top-down as this considers specific models in string the-

ory/supergravity providing specific well defined field theories in the dual system.

We begin with maximally gauged supergravity theory in seven dimension whose

dual theory is conjectured to be (2,0) conformal field theory in six dimension. Be-

ing maximally symmetric it is interesting in its own right. We have considered

a truncated version of it, which involves two U(1) gauge fields and several scalar

fields that follow from the compactification. The bosonic part of the theory admits

a black hole solution charged under two U(1) gauge fields. This is asymptotically

anti-de Sitter. In the extremal limit, the near horizon geometry is AdS2. According
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to the duality should correspond to a specific state in the dual theory and it would be

interesting to find whether this corresponds to the ground state.

We are interested to study the behaviour of fermions in this dual system. There-

fore, we consider fermions of the supergravity theory and we have restricted our

study to those which do not couple to gravitino. To begin with, we explore the

possibility of Fermi surfaces from the poles of the Green’s function in the extremal

limit. In the non-extremal limit, on the other hand, we plotted the spectral density

and look for peaks at ω = 0. We have found the total charge of the fermion plays a

critical role. For higher net charge |q1+q2| = 2 we find it admits two Fermi surfaces.

However, the sign of the Fermi momentum is positive in both the cases and this has

been confirmed from the study at the finite temperature. The occurrence of such

multiple Fermi surfaces can be interpreted as having nested Fermi surface in anal-

ogy with results obtained for N = 4 SYM. A stark difference with their result is in

the present case one branch completely lies in the Non-Fermi regime and the other

branch is in the Fermi-regime. As we vary the electric charge associated with the

black hole, in one extreme both the branches approach the limit of marginal Fermi

liquid. in the other extreme, the non-Fermi branch enters the oscillatory region sig-

nalling the scaling dimension of the dual operator becomes complex. In the case of

scalar operators, it can be considered as onset of instability [14]. From the study of

the excitation width of the quasi-particles in the non-Fermi regime we find they are

becoming more and more stable, as the branch approaches marginal Fermi liquid,

as expected.

The other set of fermions, which has |q1 + q2| = 1 in the supergravity theory we

get only a single Fermi surface both in the zero temperature and finite temperature.

This branch, however, stays completely in the non-Fermi regime and approaches

marginal Fermi liquid on both extremes as we vary the electric charge of the black

hole. The width of the excitation increases on one extreme, while it becomes more

stable on the other. we have also observed that for both the branches in the non-

Fermi regime, Fermi momentum appears very close to the boundary of the oscilla-
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tory region, which may be consistent with the fact that they are in the non-Fermi

regime.

We have also considered a single charge limit of the black hole, which does not

admit an extremal limit and therefore we studied it only at the finite temperature.

In this case, the Fermion with higher charge |q1| = 3/2 admits a Fermi surface as

we find from the analysis of the spectral density, while the one with lower charge

|q1| = 1/2 does not admit any.

Considering the dual field theory, it has been established that the operators dual

to the fermions in the supergravity consists of both scalars and gauginos and are

of the form tr(Σiψa). Comparing our results it turns out that for two charge case

the gauginos are playing a critical role in determining the nature of Fermi surface

i.e. whether a system forms a single or multiple Fermi surfaces. With the change

in charge of gaugino (ψ) in the operator nature of Fermi surface changes. This is

in accordance with the argument given by [29] where the gaugino itself generates

the Fermi surface. In case of a single charge case, however, we have observed that

scalars also play a prominent role in determining the existence of Fermi surface. We

found that the dual operators admit Fermi surface if the background corresponds to

the non-zero expectation of the scalar. It may be in case of two charge parameter, all

scalar might have a finite expectation value and thus it results in one or more Fermi

surface/s.

Next, we have extended our analysis to the cases of background domain wall

solution. This domain wall solution can be obtained as a truncation of the bosonic

part of gauged supergravity theory. In this background U(1) symmetry is broken

spontaneously, so in a sense, it can be considered as the zero temperature limit of a

superconductor. Another characteristic feature of such solutions is they do not suffer

from zero-point entropy i.e. at zero temperature the entropy vanishes. This kind of

zero-point entropy is usually encountered in black hole solution with near horizon

structure being AdS2.

In order to study the fermionic behaviour in such zero temperature limit of a
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superconductor, we have considered those fermions which decouple from gravitino

of this supergravity theory with this domain wall as our background. We have anal-

ysed the spectral function for the dual operators associated with each of these modes.

Since the background corresponds to the superconductor, we expect a gapped spec-

trum.

We have obtained a domain wall solution in maximally gauged seven dimen-

sion supergravity theory which approaches AdS at both IR and UV. We have studied

optical conductivity as a function of frequency, where we find the real part of con-

ductivity obeys a power law. In the limit of high frequency, it obeys a cubic law

while in case of small frequency it goes with certain exponent.

We have considered fermions that follow from supergravity theory and studied

the spectral function. We find a gapped spectrum for the value of the parameters

corresponding to the supergravity theory. As has been reported in the literature, the

gapped spectrum may also result due to the inclusion of the Pauli term or due to an

inadequate charge of fermions. In order to ensure that this gap cannot be attributed

to either of these, we have artificially set the Pauli term zero and dialled the value

of the charge to some higher value. We find that this gap still persists upto the

value of the charge that we have checked. Similar kind of gapped spectrum was also

observed in [39] and [42, 43]. We have analysed the role of the degrees of freedom

in the dual theory in this respect. It turns out that the operators dual to the fermionic

modes that give rise to the gapped spectrum involve the scalar operators Σ3 and Σ4

in the dual theory. By analysing the asymptotic behaviour of the scalar fields in

the gravity theory, we find these dual operators acquire vacuum expectation value

for the state that corresponds to the domain wall solution. So we conclude that the

fermionic operators involving bosons with non zero expectation value give rise to

the gapped spectrum.

We have further extended our study to a supergravity theory obtained through

compactification on a Sasaki-Einstein manifold. Due to nature of the compactifica-

tion manifold, the supergravity theory has less supersymmetry; It lives in 5 dimen-
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sion and its dual field theory turns out to be a superconformal quiver gauge theory

living in 4 dimension and therefore it can be related to physical systems that occur

naturally. On the flip side, the field content and dynamics of this quiver gauge theory

is technically quite involved.

In order to study the fermions in zero temperature limit of a superconductor,

we have considered a domain wall solution, which already existed in the literature

[81]. For this solution, the metric structure approaches AdS geometry both in the

IR and UV limit. From the asymptotic behaviour of the scalar field, it turns out it

corresponds to condensation of a dual operator, which is chiral primary. From the

analysis of the dual field theory, it can be established that this chiral primary is given

by a linear combination of the superpotential of the superconformal field theory and

an operator tr(WαW
α) obtained from the gauge superfield Wα. In order to ensure

that this chiral primary operator has the lowest conformal dimension among all the

chiral primaries in the dual field theories, we find that the compactification manifold

can be considered as an orbifold, namely, C3/Z3. Due to orbifolding, other chiral

primaries with less conformal dimensions are projected out.

Even though the behaviour of generic fermion in this background has been dis-

cussed earlier, but here we have considered the fermions which directly follows

from the compactification of supergravity theory. Because of the complex nature

of the compactification manifold the fermionic fields in the supergravity theory are

being partitioned in different sectors [84]. It turns out, there is a special sector

which consists of only a single fermion, which does not couple to a gravitino and

we have restricted our analysis to that sector only. Since the IR geometry is AdS4

the near-horizon behaviour of the fermions can be split into two different classes

corresponding to spacelike and timelike momenta and we have analysed the modes

for both the classes separately. We have artificially dialled the charges of the fermion

over a range and studied the behaviour. In particular, we have presented the result

for two different charges q = 4.5 and q = 10. For q = 4.5 we find normal modes at

ω > 0 in the spacelike region giving rise to the formation of the gapped spectrum.
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We increase the charge further which resulted in the appearance of normal modes at

ω = 0, hence higher value of charge leads to a gapless spectrum.

We have elaborately studied the dispersion relation resulted from the fermionic

modes for both the spacelike and timelike regions. For smaller charge, such as

q = 4.5 the dispersion relation shows a hyperbolic nature in the positive ω region, in

conformity with the gapped spectrum. As we increase the charge, the entire disper-

sion curve comes down and for a critical value of the charge, it touches ω = 0 axis

giving rise to a gapless spectrum. However, for the charge that follows from super-

gravity theory, we could not find a normal mode, or peak of the spectral function,

as the value of the charge is quite small. We have also explored the dependence of

gap on Pauli coupling, where the gap shows local maxima at discrete values. As

mentioned above the dual theory is quite involved and consists of a number of dif-

ferent multiplets. The fermionic operators dual to the supergravity mode belongs

to a multiplet given by tr(eV W̄α̇e
−VW 2). However, due to the complex nature of

the field theory, it is difficult to study the roles of the various dual operators in this

theory.

Though these studies have provided a deeper and clearer understanding of fermionic

behaviour, it can be extended further in a number of ways. To begin with we have

restricted ourselves in the probe limit. The holographic background, that we con-

sidered in the gravity theory is the solution of the bosonic part. After including

the fermions, it should get modified and we have not considered the back reaction.

This is expected to correct the result we obtain here further. Though we have con-

sidered only supergravity theories, a natural way to obtain more relevant gravity

backgrounds is to consider intersecting branes. Some works have already been done

on that score. One addition complexity that is being introduced for intersecting

brane, however, it involves DBI action which may lead to technically more involved

computation.

Another reason that makes the intersecting branes interesting is as follows. This

usually involves, Chern-Simons terms and as has been pointed out [90] a back-
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ground electric field gives rise to instability. Often these instabilities cause the so-

lution to decay into linearly inhomogeneous solutions in the gravity theory. As has

been established, such inhomogeneous solutions correspond to states in the dual

theory, which are spatially modulated. Such striped phases occur in various mate-

rials [91]. A natural extension of our study is to consider fermionic behaviour in

such striped phases. Some work has already appeared in the literature [92]. It will

also be to incorporate the effect of lattice structure in the boundary [93]. There are

various ways in which such periodicity in space can be incorporated, for example

through introducing a periodic chemical potential. Another important variation is to

consider the effects of dopings. There are several works where the effect of doping

has been considered in a holographic set up [75, 94].

One advantage of top-down approach in holography is the theory on the gravity

side follows from full fledged effective action of string theory. Therefore one can

go beyond the Einstein gravity and accommodate further 1
N corrections. It would

be interesting to consider the effect of the higher order terms in 1
N corrections. In

fact, it has been found in the context of holographic superconductor that large N

limit suppresses massless fluctuation in the dual field theory, which can invalidate

condensation of scalar in superconductors.

Another interesting arena to explore in this context is the transport properties

of the dual field theories. Many of the material in the regime of non-Fermi liquid

exhibit anomalous behaviour of its transport properties. One example is linear tem-

perature dependence of resistivity instead of quadratic dependence as follows from

Fermi liquid theory. the holographic machinery can easily be used to study these

properties.

To summarise, we have explored some of the aspects of strongly correlated

systems using AdS/CFT correspondence, which is otherwise not amenable to stan-

dard non-perturbative techniques. Our study has shed light on the behaviour of the

fermions of different states of strongly correlated systems as well as the roles played

by different kinds of degrees of freedom in the dual theory. Considering the vast ex-
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panse of phenomena that have appeared in cases of various materials in condensed

matter, it provides a huge scope to explore the theories and make connections to the

realistic phenomena in Nature.
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